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4. Aeoucsvouévn Ibavornra - AveCaptnoia Evocyouévmv

4.1 Itati dsopcsouévy mbavoryta — To vonua tys dscucouévys mbavornrag

H mBavotmra, oc éva pétpo tov Pabuov PePardtnrog mov £yovpe yroo TV eRedvion
evlg evdgyopévov, eivar duvatdv vo avabewpndel kot va mpocappocsdel KatdAinia,
oV 0€ KOO0 OTAS0 TOL GOTOYOOTIKOD TEPAUNTOS TOV HEAETAUE TPOKVLWYOLV
npochetec mANpopopieg yia v ékPacn tov. Mua tétoto TAnpogopia, propet poiota
va gival 0TL Kamolo AALo gvoeyopevo o Exer ep@avicdel. Xopaktnplotikd gival to
aKoAlovbo Tapddetypa.

Hopdadsiyua 4.1: 2t0. GOUTEPCOUOTO LIAS EPEVVOS TOV TPOCPATA OLOKANPOONKE
ovapépetal, ueTald ALY, OTL TO TOGOGTO TV POPEDY TOV LOKIAOD THS POUATIWCNS TE
o ovykexpiuévy mepioyn eivar 0.75%. Avto onuoaiver ot av emirécovue (toyaia) amo
™V TEPLOYN OOTH EVOV KATOIKO, N TOAVOTHTO. VO EIVOL QOPEAS TOv Pakilov THS
pouatioons eivor 0.0075. Av ouws o kdaroikog vmofinlei oe Kkdmoio GYETIKO
O10YVWOTIKO 1OTPIKO test, yio wapadeiyuo. oto TB tine test, T0Te OTAY TO ATOTELECUO,
7OV test Yivel yvwoto, 1 mhovotnto vo. ivol Popéas TPopovas ovobewpeitor Kal
Haliota mepLuEVovuE vo, ovénBet av 0 amotéleoo. Tov Te0T gival OeTiko Kol vo. uelwbsi
ov 10 amotéleaua eivor apvnTiko. Aevrpivi{ovue 0TI OKOUN KOl UETC. TO OTOTELETUA
700 TB tine test dev ciuaote fefoior yia to av o eletalouevos givar § ev eivar POPENS
00 Poxilov TS puuaTIOENS YIoTi 0 Eeyyoc avTOC dev Kdver ThvTote owoT didyvewon'.
2VYKEKPIUEVD, OTOV TO eCeTalouevo atouo eivar popéog 10 TB tine test kaver owoth
ogyvaoon ue mbovotyro 0.92 evad Otav ogv €ivor Popéng KOAVEL 0WOTH O10)VMON UE
mBovotnto. 0.96.

Ac Bsmpnoovpe ta evdeyOuEeva,
B: o karoikog eivor popéag tov faxilov ThS pouaticwons
O: 10 arwotéleaua Tov test ivar Oetiko.

Atveton 61t P(B)=0.0075, dnAadn, diveton 6Tt  mbavdtta v eivar popEac Tov
Bakilov g eupatioong £vag KATOKOog Tov EMAEEAE TVYOLO OO TN GLYKEKPLUEVN
meploym, eivai 0.0075.

Apaye g emnpedleton avt) 1 TOAvOTNTO 0V 0 KATOKOG VITOPANOEl oto TB tine test
Kot 10 omotéhecpo glvar Betikd; Anlodn, moww eivor mAéov M mBoavotnTo va
mpaypatonombet To evdeyouevo B d0BEvtog 0Tl TparypatomomOnke to evogyopevo O;
Avm 1 ek TV vETéEpY THOVOTNTO TOL B, dNAodn, N TOAVOTNTO TPOYUATOTOINONG
TOVL EVOEYOUEVOL B peTd v mAnpoopio OTL TO0 amoTéAecua ToV test eivarl OeTiKo,
ovopdleton deouevuévy mbavornra tov B d00évros tov O xoi copPorileton pe
P(B|©®). Avtictoya, av T0 OTOTEAEGO. TOV fest €lval apvNTIKO 1) €K TV DOTEPWY

mBavotnta tov B ovoudletor deocusvuévy mbavotyta tov B dobévrog tov O kan
ocvuPoAriletar ue P(B|0O").

[Mopatnpeiote 0TL KTOC A0 TNV ek TV POTEPY TBAvOTTa. P(B) Tov B (OnAnon

v mOavoétTe. TPAYHOTOTOiNonG TOoL gvdgyopévov B mpwv yivel yvootd To
ATOTEAECUO TOV fest), pag divovtar kot ot decpevpéves mbavotnteg P(@|B) ko

P(@'|B") mov avaeépovior otny olomiotio Tov fest. Tuykekpluéva, divetar 0Tt
P(@|B)=0.92 kau P(O'|B")=0.96. X ovvéyeto Oa dodue mog pe Phon avtd ta

1« ’ ’ ’ ’ ’
omw¢ e€allov ovufaivel oe OPKETES TEPITTWOOTEIS OLAYVWOTIKMYV tests
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dedopéva HTopovE Vo vToAoYicovLE TG ek TV vaTépy mBavotntes P(B|O) wau
P(B|©@") 100 B 1oV pog evolapépouy.

Oa dobpe emiong TAOC UTOPOVUE VO XPNOLUOTOMGOVUE TIG ETUEDUEVES TIOAVOTNTES
P(@|B) xoauw P(O@'|B") yw va vrohoyicovue ™ un deousvuévy mbovotta P(O),
oNAadn, ™V TOAVOTNTA TO OTOTEAEGUO TOV fest Yo €vVO KATOWKO TOL EMAEYOVUE
Toyoio va givor OeTiko.

Yto emdpeva Bo SlomOGTOCOVUE OTL GE OPKETEG MEPUITAOOCELS, 1| ADON oVOVOET®OV
mpofAnudtov vToloyopov (un oecpevpévav) mOavoTNTOV OmAOTOlEiTOL pE TNV
EI00Y®YN Kol YpNoN KATOAANA®V deauevuévav mbovotitwy Kor poAoto Ol Lovo
otav &yovpe TpocHeteg mANpopopies Yo TV €kPacm Tov TEPAUATOG OAAGL Kot OTaV
dev &xovpe! Xopaktnpiotikd eivor o mapdodetypa mov akorovet.

Hapdadeiyua 4.2: Xe évo ovptapr papuoxeiov fpickoviar 7 KOOTIC UE GUYKEKPLUEVO
POPUOKEVTIKO OKEDOOUO. 2 3 OO OUTA, TO POPUOKEVTIKO okevaoua gyxel Ancel. O
POPUAKOTOLOC OE YVWPILEL OTI GTO CVPTOPI DIAPYOVY KOVTIA UE AKATAAINAO TKEDATUA
KOl £T01 0TOV TPWOTO TEAGTH TOL TOV (NTAEL EVA KOVTL UE TO GUYKEKPLUEVO TKEDATLLO
oivel &vo, amo to. 7 mov to emiAéyel toyaia. Otav kou &vog 0edTepog meldTng (nrdel 1o
OVYKEKPIUEVO OKEDAGUO, O POPUAKOTOLOG TOV OIVEL EVO, TTOV TUY AL ETLONG EMIAEYEL AT
Ta. 6 TOV EYOVV ATOUEIVEL TTO TUPTAPL.

Ac Bsmpnoovpe ta evdeyOuEva,
A; : y1o. oV i-010 TEAGTN EMIAEYETOU KOVTI g OKEDOOUA TTOV EYeL ANCel

pei=1, 2.

[Mapamnpeiote 011 evd evkoha Ppickovpe Ot M TOavoTTO Vo d0bel 6TOV TPMOTO
meldtn kovti pe okedaoua mov &xel MEet etvan P(4,) =3/7 xou avtictoya 6t M
mBavotnto. va tov doBel kovuti pe okedoopa mov Oev €xel Anger  elvan
PA))=1—P(A,)=4/7, yioa tov vroroyiopd mg mbavottag P(4,) (va dobei oto
debTEPO TEAATN KOLTL e oKeVvAGHa oL £xel AMEel) evd yvopilovpe 6Tt o Suvatd
aroteAéopato eivar 6, og yvopilovpe mOGa gival To EDVOTKA ATOTEAEGHATO Y1OTL VLTO
e€aptdror amd To AMOTEAEGUO TNG TPAOTNG eMA0YNS. 'ETol, av 6tov mpdto meldn
d00nKe Kovti pe okedaoua Tov Eyel Mgl T0TE N TOAVOTNTA GTO OEVTEPO TEAATN VO
dobei kovti e okevaopa oL éxel ANEet eivon Tpogavag 2/6, dnhadh, 1 deaucvuivn
mbavétnro tov A, Jobévrog tov A, givaw P(A,|4,)=2/6 evd av ctov TpdTo
meldn 800nke kovti pe okevacpa mov dev Exel MEel tote P(A, | A)) =3/6. T
ouvéyelo Ba dodue TAOC UTMOPOVUE Vo OELOTOUCGOVUE OUTEG TIG OEGUEDUEVES
mBavotntes yuwo. vo. vroroyicovpe ™ (Un deopevpévn) mbovomto P(4,) mov pog
evolapépet! (Tlopdoeryua 4.14).

Ag dovpE €va axOUN TOPAJELYLOL.
Hapadeiyua 4.3: Evog pilog pog piyver évo auepolnmro (Opt pio. opae koi €0tw Ot
evolapépetar yio. v mlavotnto eupoviong tov evogyouévov A ={1,4,6}.

O derypatikdg yopog, Q=1{1,2,3,4,5,6}, 100 TEWPAUOTOG €lVOL  TETEPAGUEVOS LE
woomifova  omhd evdeydpeva kou enopévag P(A) =3/6=1/2, apod to. guvoikd yio
™V TpaypaTonoinot tov 4 anoteAéspata ival tpia, 1o 1, 10 4 Kot to 6 (Zynua 4.1a).
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Potdape to ¢ilo pog av epeavicOnke 1o 4 oAl oe pog amavtdel evBéwc. Mag Aéet 6Tt
TO amOTEAEGHO Elvan ApTIog aplOuOg, AT, Yo TNV €KPAOT TOL TEPAUATOC, £YOVLLE
v TANpoeopia 0Tt &yl mpaypatomomBet to evdoegyopevo B ={2,4,6} ( Zynuo 4.15).
AvT6 onuaivetl 6t TALOV T duVaTA amoTEAEGHOTA OgV gfvar €L aAAG Tpia, dNAao, N
TANpoeopia Tov TPaApE Yoo TNV EKPOCT TOL TEWPAUATOS, GVPPIKVOGE/ TEPLOPIGE TO
detypatikd yovpo Q =1{1,2,3,4,5,6} oto cdvoro B ={2,4,6}. Eivor wg va mpdKetton
TAEOV Yo éva vEO TEipopa pe derypotikd yopo Q= B ={2,4,6} kol To €VVOIKA
QTOTEAECUATO Y10, TNV TPOYUOTOTOINCT TOV A VO GUPPIKVOVOVTAl/TEPLOPIovTaL
omv toun AB (Zynuo 4.1y). 'Etol, n mBoavotnta epeavions tov 4 TpokOTTEL v O0VLE
Tov aplpd (1o TAN00C) TV EVLVOIKOV TEPUTTOGE®Y O TOGOGTO TOL OPLOUOD TV
OTOYELMV TOL VEOL JELYLOTIKOD YDPOL, AT, 1 ThavITNTA EULPdviong Tov A eivat
nmAéov ion pe

N(4B) N(AB) 2

N Q) NB) 3
IMa va vrodoyicovpe/avabempnoovpe v mOAvOTNTA ELPAVIOTNG TOL EVOEXOUEVOL A
pe Paon v mAnpoeopio 6Tl mpaypotomombnke to evoeyduevo B, dniadr|, v va
vroAoyioovpe ™ deouevuevy mbavotnra P(A|B), €blhoya epyacObnkape oto

VEO/GUPPIKVOLEVO detypoTikd ydpo Q' =B ={2,4,6}. Avrtictotyo, to {010 KGvope
kol oto [lopaoderyuo 4.2.

BéPata, €xet evdiapépov va dodue av Oa UTOPOVGOUE VO VTOAOYIGOLUE TN
oeauevuévy mbovotnta P(A|B) oto mAoiclo Tov apyKoy OEYHOTIKOD YMPOL

Q={1,2,3,4,5,6}. lIpaypatt pmopovpe, apod
_N@4B) _2 _ 2/6 N(AB)/N(Q) P(4B)

P(4|B) ===-= = :
N(B) 3 3/6 N(B)/NEKQ)  P(B)
Q o
(D D\ -8
[ & \ [ o \ AB T
\ B ™ /
.3 \ \\K '3 ll"-.._ e 5 4 \ '2;
5 \._ __-‘/// 5 b ‘Ilf_ ___.__/,/ // I\\\___.«”"
(a) b) )

Zynua 4.1

H cvloyiotiky mov odfynoe otov tomo P(A | B) = P(AB)/P(B) woybel kot pmopet
va epappocBel yevikdtepa G€ MEMEPAGUEVOVS OELYUATIKOVG YDPOVG WE 1oomibava
amAd evoeyopeva. Mmopel emiong va epapurochel ce TEMEPAGUEVOLG OELYLATIKOVS
YOPOVGS Le un oomiBova amhd evoeXOUEVE OALAL KOl GE GUVEYEIG OELYUATIKOVG YDPOVG
(cvpemvel NAadn kol pe TV évvola/epunveia g mOAVOTNTOG MG OPLOKY] CYETIKN
ovyvotnta). ‘Etol, €0loya odnyoduacte otov axoOAovBo opwopd g Jdeoucvuévng
mBovotnrag.
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Opicuog tis oscucvuévys mbavornros (conditional probability): Av A kou B Jbo

EVOEYOUEVO, TOD OEIYUOTIKOD yapov £ evog meipauatog toyns kar P(B) >0, tote

osousvuévy mbavotyta tov A 600évrog tov B ovufoliletar ue P(A| B) ko divetan

amo Tov TOTO

P(4B) (4.1).
P(B)

Av P(B) =0, n deouevusvy mbavotnra P(A| B) dev opiletat.

P(4|B) =

H mbavomta P(A) ovopdletar ex tov mpotépwv mbavotyta (prior probability),
eV M deauevuévy mbavotnro, P(A| B) ovoudleton ek tv vetépwv mbavotnyro
(posterior probability).

3

AB :

4 — B(-2)
B

2ynua 4.20
Ta ) deousvpévn mboavotyta P(A| B) 0 deryuotikog ywpog
Q mepiopiletor oo evdgyouevo B kai to evoeyouevo A twv
EVVOIKWV OTOTEAEGUATMYV, TTEPIOPILETAL OTO EVOEYOUEVO AB

H deoucouévy mbavoryra tov B dobévrog tov A (ko epocov P(A) > 0) mpopovdg
dtveton amd Tov TOmo

P8 | 4)=LHUB)
P(A4)
Q
_— A
S S ./ \
[ \ ) | | 4B |

Zynuo 4.2p
Ta ) deousvpévn mbavotyra P(B | A) 0 Jeryuotikog ywpog

Q mepiropiletar oo evdgyouevo A kai to evoeyouevo B twv
EVVOIKWV OTOTEAEGUATMY, TEEPIOPILETAL OTO EVOEYOUEVO AB

Epatnon: Ti oiapoponoiei g mbovotyres P(AB), P(A|B) ko1 P(B|A) a@od Kot
Ol TPELS AVAPEPOVTOL/OPOPODY GTO 1010 GVUVOLO EVVOIKMV OmoTEAETUATWV AB;
Hapdadeyua 4.4: To 51% TtV KOTOIKOV WIOS GUYKEKPIUEVHS TEPLOYNS EIVOL AVOPES

(ka1 0 49% yovvaikeg). Awo mpoopatn Epevvo. yvawpilovus ot 10 4.2% TV KOTOIKMV
ODTHS THS TEPIOYNG TAGYEL amo aypwuotoyia. Exions amo v ioia épevva yvwpilovue
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011 4% TV KoToIKWV THS TEPLOYNS AVTHS EIVOL GVOPES TOV TATYOVY OTO OYPWUOTOYIO.
Av emiléovue toyaio Evo ATopo OTO aVTH THY TEPIOYN KoL EIVOL AVOPOS, TTO10, EIVOL 1
TOovOTHTO. VO TAGYEL OTTO O PWUOTOYIAL.

Ac Bsmpnoovpe ta evdeyoOueva

A: 10 ATOUO TATYEL ATO OYPOUATOVIO,

B: to drouo eivar avipag.

Atveton 611 P(A) =0.042, P(B)=0.51 xon P(AB)=0.04.

Zntaue v mOavotnTo TO ATOHO Tov EMAELEOUE VO TACYKEL OO oypO®UATOYi
d00évtog 011 elvar avopag, dniadn {ntaue ) decpevuévn mbavotto P(A | B) . Amo
Tov TOmo (4.1) VKoL TPOKVITEL OTL

(4| By =B 008 _ ¢ 7.
P(B) 0.51

Anhaodn, av yivel yvootd 0Tt éva ATORO TOv €MEAEYN TLUYOLO OO TN GLYKEKPLUEVT
nepoyn elvarl dvopag, tote N TOBUvVOTNTA TO ATOUO AVTO Vo, EYXEL oypopaToyio gival
0.078, M aAlidg, N mBavoTTa £vog Avopag (amd Tn GLYKEKPEVT] TEPLOYT]) VO. EYEL
aypopatoyio eivor 0.078.

Mg 6povg TOG06TAOV, 1| (ck TOV votépy) TBavoTTa P(A| B) =0.078 gpunvevetan
o¢ &N 6TN CLYKEKPLUEVN TEPLOYN, TO 7.8% TV avdpdV £x0VV axpopoToyio (deg
Kor 2ynuo 4.3).

[Mopatmpeiote 011 P(A| B) # P(A) (apov 0.078 # 0.042). Avtd pe 6povg T0G0oTMV
onuaivel 6Tt T0 TOGOGTO TWV TACYOVIOV ONd OYPOUOTOYIN GTOLS GVOPES NG
CLYKEKPIUEVNC TTEPLOYNG OLPEPEL OO TO TOCOGTO TMV TUGYOVIMV A0 OPMUATOYIN
0T0 «YeVIKO TANOLGUO» (OTO GUVOAD T®V KOTOIK®MV TNG CLYKEKPIUEVNG TEPLOYNS).
Andadn, n TBavoTNTO £VaL ATOUO VAL TAGKEL OO oYpOUATOVI0 EXNPEALETAVIEY Eivar
aveEapTnTn amd 10 oV TO ATOHO Eivol Avopog, Kot HOMOTO, OLEAVETOL APOV
P(A|B)> P(A).

H mocomrta | P(A|B)— P(A)| ovoudletor uerafoin s mbavéryras tov A
d00évtog Tov B.

'Etol,  perafoin ths mbavorytag £vo GTopo Vo TAGYKEL 0md ayxpopatoyio 600Evtog
ot elvan dvopag eivar | P(A| B) — P(A) |=0.078 —0.042 |=0.036.

[Tapanpeiote eniong 6Tt Ko

P(B| A) = P(AB) _0.04
P(4) 0.042
onNAadn, eved 610 yevikKO TANOLGUO TO TOCOCTO TV avOpdV eivar 51%, otovg
TAGYOVTES O OYPOUATOYIN TO TOCOGTO TOV AVOPAOV tvar 95.2% (deg Zynuo 4.3).

=0.952> P(B)=0.51,

Emedn n epedvion tov evog amd ta 4 kot B avdvetl v mboavotnta vo epeavictel to
GAAo, Aépe OTL Ta evoegyduevo avtd elval Oetikd ovoyeticuéva (0eg Kol TO
LHopaderyuo 4.5 mov akolovBel). 1o 1€hog TG evotnTog 6tav Oa WANGOLLLE Yo TNV
aveéaptioia (kar tyy e&dptnon) evogyouévov 0o snavélBovue o avtd 10 BENQL
[Ipog t0 mapdv, G OAOKANPOGOLUE TO TOPAdEYH HoG ££€TALOVTAG OV TO TOGOGTO
TOV YOVOUK®V TOL TAGYOLY OO oYPOUOTOWIN SPEPEL OO TO TOGOGTO TOV UTOUMV
TOV TAGYOVV A0 AYPOUATOYIN GTO YEVIKO TANOLGLO.
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95.2% 4% 7.8%
tovd TV TOL B

2ynua 4.3

Ag vmoAoyicovue dnAadn, ) deopsvuévn mbavotnta P(A|B'). And tov tono (4.1)
&xovpe

P(AB') P(AB’)

P(B) 049 °

H mbavémrto tov evdgyopévov AB' egokoho vmoAoyiletar amd 1t oyéon
A= AB U AB' (oec Iopatipnon 3.1). Tpdypott, eneldn 1o AB a1 AB' givon Eéva
uetaEd  tovg  €yovpe, P(A)=P(ABU AB")= P(AB)+ P(AB') a1 &mouéveg
0.042=0.04+ P(AB") = P(AB')=0.002. 'Etoi, yw 1t Cnrovpevn mbavotnta
Eyovpe,

P(4|B') =

P(AB") _ 0.002

049  0.49
[Mapatnpeiote 611 P(A| B') # P(A), dnAadn, T0 TOGOGTO TV YOVAIK®DV TOV TAGYOLV
amd aypopotoyio deépel omd TO TOGOCTO TGOV ATOU®V 7OV TAGYOLV Oamd
aypopoToyio 6to Yevikd mAnbuoud, kot udhoto eivar pikpdtepo (P(A| B') < P(A)).

P(A|B") = =0.004.

H petapoin avtng g mbavotntag, oniadn, n netafoin e mbavotnrag Evo GATopo
va  mhoyer amd  aypopatoyic  000évioc 6Tt eivar  yuvaika  givon
| P(A]| B") — P(A4)|=0.004 — 0.042|=0.038.

Hoapaderyua 4.5: Eorw A kou B 000 evoeyouevo, evog Oeiyuotikod ywpov £ ue
P(A)>0 xoar P(B)>0. Oa ocilovue ott av P(A|B)> P(A) wte P(B|A)> P(B)
Kol avTlompopws. Avo TETol0. eVOEYOUEVA. AEYovTol OETIKG GUGYETIGUEVO 0POD 1
gUEAvian tov evog avéavelr v mbavotnta gupovions tov dilov. Avuioroiywg, av
P(A|B)< P(A) w0te P(B|A)<P(B) ka1 ovtiotpopwg. X2tnv mepintwon ooty 1o
EVOEYOUEVO, AEYOVTOL OPVHTIKD GOGYETIGUEVA, 0POD 1] EUPAVIOH TOD EVOS UEIOVEL THV
mBovotnto. eupavions Tov dALov.

Av P(A|B) > P(A), on\adn, av igég) > P(A), 10T€ TPOoQPAvVAS £XOVLE

P(AB) > P(A)P(B) ka1 emopévac,

P(AB) S P(A)P(B) _
P(4) P(4)

To avtiotpopo omodeikvietor opoimg, Om®G Kot 1 1G0dLVAUID TOV CYEGEDV
P(A|B)< P(A) xa1 P(B| A) < P(B).

P(B| 4) = P(B).
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Hoapadderyua 4.6: o) Av A, B eivar 6vo Eéva evdeyoueva evog detyuotixod ywpoo 2 e
P(A)>0 xar P(B)>0 t0te P(A|B)=0 kor P(B|A)=0. ) Av A, B ddo
eVogyouevo, evog oetypatikod ywpoov Q ue B < A tote P(A| B) =1.

a) [Ipdypatt epdcov ta evdeydueva A, B eivan EEva Ba Exovpe AB =D Kot ETOUEVOG
P(AB 0 P(A4B 0

P(A|B)= ( ): =0 ko P(B| A) = ( ): =

P(B)  P(B) P(4)  P(4)

Lpoxeitou yio. ooumépoouo mov avouévaue opov, epocov to. A, B eivar &éva, n yvaon

0TL gupaviotinke to Evo. amokAElel TV EUPAVION TOD GALOD.

B) Mpdypatt epdécov B < A Ba éxovue AB = B kot emopévog
P(AB) P(B
P(A|B) = ( ): ( ):1
P(B)  P(B)
Ilpokertor emiong yio €va GOUTEPOOUO TOV GVOUEVOUE Aoy, epocov B cC A, av
wapilovue ot eupavioOnke to B eivou féfaro ot supavioOnxe kai to A.

Hoapaderyuo 4.7 (Zvvéyeia tov Ilapadeiyuarog 3.11): o) Av yio tov avipa mwov
emirécope oromaoTaaovue otl 0 deiktng B Ppioketoun oe pvoioloyiko emimedo, moia eivai
n mBovotnta ko o ociktng A vo. fpioketar o€ PLOIOAOYIKO EMITEOO KAl TOLO VO, Ui
ppioketor; ) Av yia tov avopo mov emiiéloue damiotmoovus Ot 0 Ogiktng B oe
Pploxetor oe poo1oloyixo exinedo moia eivar n mbavotnta o deiktns A vo fpioketar o€
povololoyiko ermimedo; y) Iloio mocoato twv avopwv nikios 50 éwg 70 et@dv mov
HEvovy uoviuo, oto BA Aryoio kou dev Exovv to deikty B oe pvo10A0Y1KO EMITEDO, EYOVV
10 ociktn A o€ PLAIOAOYIKO ETTITENO;

I'vopilovpe 6t P(A)=0.45, P(B)=0.30, P(4B)=0.10, P(AB')=0.35 «xom
P(BA") =0.20.

a) IIpoeavag (ntape tig deopsvuéveg mbavotteg P(A| B) kau P(A'| B). Ao tov
tomo (4.1) €govpe

P 5= PAB) _0.10 1

= =— ko1 P(4'|B)= P(A'B) = 0.20 :2.

P(B) 030 3 P(B) 030 3
Hopotnpeiore 6t P(A"|B)=1—P(A|B). Orwg 6Oa dovue oy Ilpotaon 4.2
TPOKELTOL VIO W10 OO TIC LOIOTHTEG THG OEoUELUEVNS Thavotntas (1 omoio
EMOANOEDETAL KO OTO GUYKEKPIUEVO TTOPCOELYUR,).

B) Mpogavmg {ntape ™ deopevpévn mbavotta P(A4 | B') emopévag éxovpe,

P(AB) 035 1

P(B) 070 2°

Hopaznpeiote o6t1 P(A|B') #1— P(A| B). Aniady, yevikd dev eivar ewati n oyéon
P(A|B")=1-P(A|B).

v) Ipdkerton yoo to epodua (B) datvmOUEVO e OPOLE TOCOCTMV, ETOUEVMOG M
andvinon eival 50%.

P(A|B) =

99
Tewmoviko Havemoariuio AOnvav/T Tlaradorovios (www.aua.gr/gpapadopoulos)



Aeouevuévy Iibavornta — AveCaptnoio. Evosyousvawv

Ac ovuPoricovpe pe Py (-) Tn cvvolocsvvaptnomn 1 onoia oe KaOe evdeydpevo 4 tov 2
avtiototyiletl ) deouevuévny mbovotnra P(A| B),éo0t® onAaon,
P(A4B)

P(B)
Amo tov tOmo (4.1) ko ta tpio adiopato Tov allwuotikod opiouod TG GLVAPTNONG
mBavotrag P(-), auesa mpokvmtovy Yo v P, (-) ot akorovdeg 1010t Teg TOL £lvan

Py(4)=P(4|B) =

avtiotoyes pe ta tpio aSiopoto. Aniadn, n Py (-) wavorotel ta Tpio a&idMTO TOV
TPEMEL VO, IKOVOTIOLEL {110 GLVAPTNOT TOAVOTNTOG,

Ilpotacn 4.1: Forw Q évog deiyuotikog yawpos kar B évo evdeydusvo tov ue
P(B) > 0. Ioyvovv ot axolovbeg 1010tHTeg.

(1) P(A|B) =0, yia kabe evoeyouevo A tov aovorlov TV evoeyouévmy tov 2
2) P(Q[B)=1
(3) P(4, WA, U..04, U...|B)=P(4, | B)+ P(4, | B)+...+ P(4, | B) +...

yio, omowaonmote oxolovlia, A, A,,....,A,,..., Evwv ava dbo evigyousvawv Tov

14

OVVOLOV TV EVOEYOUEVWY TOD L.

Ymv llpotaon 4.2 mov akorovBel divovpe KATOES akOUN YPNOES WOOTNTES NG
osoucouévns  mbovotntag ovtiotoyeg pe ovtég ¢ Ilpotaons 3.1 (ko TOV
OTOJEIKVOOVTOL AVAAOYQL).

Ilpotacn 4.2: Eorw Q évag oeryuatikog ywpos kor B éva evdeyduevo tov ue
P(B) > 0. I'a ™ deouevuévny mbovotnto. 1oydovv o1 oxkdiovbeg 1010tnTeg.

(o) P(B|B)=0

(B) P(A"|B)=1-P(A|B).

(y) P(A—T'|B)=P(Al""| B)= P(A|B)— P(Al' | B).
(0)Av I' < A, tote P(I"| B)< P(A|B).

(¢) P(LAUT'|B)=P(A|B)+ P(I"|B)— P(Al' | B).

Ag do0pE dVO aKOUN TopadElypaTOa.

Hoapadderyua 4.8: FEorw A kor B dvo evoeyoueva evog deryuatikod ywpov 2 tétoio,
waote (o) n mOavotnta vo, gupavialel 1o A oiid Oyt to B eivar 0.15 (B) n mbovotyto va
gupovialet to B adia oy to A eivou 0.1 kou (y) n mBovotnta vo unv eupovialei ovte 1o
A ovte 10 B givou 0.7. Zntoue ™ deoueouévny mbovortyro, P(A | B).

Aivetan 6t P(AB")=0.15, P(A'B)=0.1 xou P[(AU B)']1=0.7.
Onwg e&nynoape oty mponyovuevn evotnta (lapatipnon 3.1) 6tav JANGOUE Yo
T1G TPEelg petaly evoeyopévmv (deg kou Zynua 4.4) 1oydet ot
AUB=AB"UAB U A'B

Kot emopévac (okepbeite yloti)

P(Au B)=P(AB")+ P(AB) + P(A'B)
bpa 1-0.7=0.15+ P(AB)+0.1= P(4B) =0.05.
Eniong, B = AB U A'B xo1 emopévog (okepbeite yiori)

P(B)=P(AB)+ P(A'B)= P(B)=0.05+0.1=0.15

apa n {nTovpevn mbavoTTa giva,

pa| By PUB) _0.05

P(B) 0.15

1
5
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Zynuo 4.4

OloxAnpdvovpe ta TOPOdElyoTo TOL EMAELEQNUE Y10 EIGOYMYN OTNV €VVOLOL TNG
oeoueouévns mbovotyrog, pe €vo TPOPANpa mlovoTTOV omd avTd TOL VKO
UTOpEL VAL LG TOPOGVPOVV GE L0 KTTPOPAVT] KL OTAN» OAAG ... AdBOog amdvinon.

Hapddeiyua 4.9: Emiiéyovus toyoio o OIKOYEVELD OO TO GOVOLO TMV OIKOYEVELDV
OV EYOVY ODO TALOLG, KO KOTOYPAPOVUE TO PDL0 TV waudiwv. Tloa eivar n mbavotnta
Kol Ta. 000 TOIOLG THG OLKOYEVELAS OV EMAECOUE Va. Elval ayopla. av yvwpilovue Ot
TOVAGYIOTOV EVOL OO TOL ODO TOLLA EIVAL AYOPL;

"Evag KatdAANAog Sty oTikOg YDPOS TOV TEPANLATOS Elval O

Q = {kx, ak ka,aa}.
Q¢ amotéhespo. TOV TEWPAPATOG EMAECAUE VO KATOYPAPOVUE TO PVAO Kol TN GEPE
yévvnong tov modiewv. o mopdderypo, To omotéAecuo «ka» OnUOivel OTL 1
owoyévela £yl £va ayopt Kol £va Kopitot Kot OTL To TPMTO Todi wov yevvnnke elvon
Kopitotl Kot to 0evTEPO Qyodpl.

Ac Bempnoovpe ta evogyoOUEVOL
A: Kou 100 000 TaLOI0. THS OIKOYEVELOGS EIVAL OLYOPIQL
B: tovidyiotov éva amo ta 000 mauoid TS 01KoYEVELAS EIVaL ayopia.

[Ipopavag, A={ca} xu B={ox ka,aa}. Zntape m deopevpévn mbavotra
P(A4| B). Oa v vroroyicovue Bempovtag 6Tl Ta TEGGEPA OmAd gvogyOuevo Tov 2
gtvon woomiBava.

1% tpomoc: Epapudlovue tov toro (4.1) epyalduevor otov apyiko deryuotikd ywpo €

Enedn A< B 0o sivin AB=A xa emopuéveog P(AB)= P(A). Emiong, emnedn o
OEWYHOTIKOG YDPOG TOL TEPAUOTOS Elvol TETMEPAGUEVOG HE  oOoTiBava  amAd

evogyoueva mpoeavag Exovue, P(AB) = P(A) :% ko P(B) :% omoTE

_P(4B) _P(4) 14 1
~ P(B) P(B) 3/4 3

P(A] B)

2% orog: Epyalouaote amevbeiog ato véo deryuatind ywpo Q' = B

Agdopévouv 0Tt ToLAdYIoTOV €va amd To. 000 Tl TNG OKOYEVEWNS gival ayopt, O
OEIYHOTIKOG  YMPOC TOL  TEPAUOTOS  CLPPIKVAOVETAUTEPLOPILETOL ©TO  GUVOAO
B ={ax ka,aa} kar ov euvoikég mepuntdoelg neplopiloviar oty toun AB = {aa}
(oec Zynuota 4.5). Ta tpio amhd evoeyOUEVO TOV VEOL OELYLOTIKOV Yhpov B givat

oonifava emopéveg P(A | B) = %
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2ynuazo 4.5

H andvinon emopévog oto gpdtnua mov t€0nke sivon 1/3 kot oyr 1/2 mov icmg Nrav
n mpot pog okéyn!! H ypron katdAAnAng deoucvuévng mbovorntas pog pondnce vo
ATTOPVYOVUE TNV «TTAYId0» TNG «TPOPAVOVG KOt ATTANG» 0AAG AdBOG amdvinonc.

2nucioon 4.1: Oo uropodooye, 6T0 OTOTELETUA TOD TELPCLUATOS, VO. U] ONADVOVUE KOl
T GEIPG YEVVIONG TWV TOLOIWV, 0ALG. uovo 10 @vlo. Etol, katdliniog oeryuotinog
xpog givor ko 0 , = {KkK, K, } OOV TO OTOTEAEOUA. KKOY» ONADVEL LLOVO TO POAO

Kol Oy1 kou T oelpd yevwnong omawg kor o Q, =1{0,1, 2} dmov wg amotéieoua
Kataypopovuse tov oplduo twv oyopiadv s oikoyévelog. Av gpyacboduc ue to
oeryuotiro ywpo Q, M pe tov Q,), 1 Aéte, n amdvrnon Oo eivou kou moair 1/3 1 pnrwg
Bo arlacéer;

Ag dobdue TOPO TOC, HE TNV E100YMYN] KATAIAANA®V OeGUEVUEVOV TOOVOTHTOV,
LITOPOVLLE VO ATAOTOGOVLE TN ADVGT TPOPANUAT®V VTOAOYIGHOD (1) OEGUEVUEV®V)
mhovotNTOV!
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4.2 O loiiarmiaciaoctikdg tomog/vouog (multiplication formula /rule)

Ag Bewpnoovpe dVo gvdeydueva 4, B gvog derypatikon yopov Q. Av P(B) >0, tote

and tov tomo P(A|B) = ingB)) ™G deaucvuévns mbovotntas P(A| B) mpoeoavmg
moipvovpe
P(AB)=P(B)P(A|B). (4.2
. , . : P(4B) ,
Eniong, av P(A4)>0, t6te oamd tOvV TOMO P(B|A):W MG OETUEDUEVHS

mbavotntas P(B| A) maipvoupe
P(AB) = P(A)P(B| A). (4.3)

‘Etot, av yu 000 evdeydpeva A, B umopovue va vroroyicovpe (1] pe KOmowo TpoOmTo
yvopilovpe) ) decpevpévn mbavotnta Tov £vog 600évtog Tov dALov, TOTE amd TOV
tomo (4.2) (1 tov (4.3)) umopovpe va vworoyicovpe ) (un deopevpévn) mbavotTa
P(AB) g toung tovg AB (kar epooov Péfoio yvwpilovue 1 umopodue vo.
vroloyicovue v mbavotnta. P(B) 1 P(A), avtiotorye). Ag dovue €vo T€TO10
TOPAOETYLLATO VITOAOYIGHOV TNG TOUNG OVO EVOEYOUEVOV.

Hoapaderyuoa 4.10 (Zvvéyeia tov Ilapadeiyuaros 4.2): Oo vmoloyicovus v
mBovotnto

a) vo, 000¢l ka1 6Tovg 000 TEAGTES KOVTI UE OKEDOTUO. TTOV ExEl Ancel.

p) va 600¢el kou arovg oo merates kovti e oreDATLO TOV OEV Exel Ancel

y) aT0V TPWTO TEAGTH VO d0BEl KOoLTI UE oKeDaoUO TOV ExEl Andel Kar oTOV OgDTEPO
KOUTI [e OKEDATUA TTOV OV Exel Ancel

0) oTOV TIPWTO TEAGTH VO, V0OEL KOVTI e TKEDOTUA TOD OEV ExEl ANLEL Kol aTOV OEVTEPO
KOUTI e OKEDATUA TTOV ExEl ANCEL

Ac¢ Bopricovpe ta evoeyOpeva, A, yio ToV i-0T0 TEAATH EMAEYETON KOVTI Ue OKEDOOUA
mov Eyer Anéer, pei =1, 2.
o) Zntape v mbavotnto tov evoegyopsévov A, 4,. Emewdn, omwg e&nynooyle,
P(A,)=3/7 xaw P(4, | 4,)=2/6,yia ™ {nrovpevn mbavotnta yovpe
32 1
P(4,4,) = P(4,)P(4, | 4,) W EEE
B) Zntéue mv mbavotnTa 0L gvdeyopévov A A,. Ened, npopavag P(A)) =4/7
xow P4} | 4)) =3/6, yio tn {nrodpevn mbavotnta £xovpe
43 2
P A= P(A) )P | A)=—-—=—.
(4;43) = P(4; )P(4; | 4;) e
Y) Zntape my mbavomto tov evdeyopévov A,4;. Enedn mpopavog P(A,) =3/7 xou
P} | A,) = 4/6, yio.n {nrovpevn mbovotnto £xovpe
34 2
P A))y=P(A, )P, | A4,)==-—=—.
(4,43) = P(4,)P(4; | 4,) = e 7
8) Zntue v mbavoTnTa ToL EvdEYOpévoL A)A,. Eneldf mpogavag P(A)) = 4/7 ko
P4, | A)) =3/6, yia ™ {ntovuevn mbavotto xovpe
4 3 2

P(AjA,) = P(4) )P(4, | A) === ==,
(414) = PUA P, [ A4) ===
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[Mopatnpeiote 6tL o1 mBavoTNTEG TOL VROAOYicape abpoilovv oto 1 (okeebeite
ywri). Emiong, wg doxnon, Bpeite a) v mbavotta va 600el 6e TovAdyiotov Evav
amd Tovg OO TEAATES KOLTL pe okedaoua mov Eyxet AMn&et kot B) v mhoavotnTe Vo
d00¢el povo oe évav amd Tovg dV0 TELATEG KOVTL e OKEVAGLO TTOV £YEl ANEEL

2nucivon 4.2: O mbovotytes mov vmoloyiooue uropody vo vroloyieBodv kai ywpig
™ ypnon osouevuévav mhovotntwv. Agite to wg o omiy aoknoy. (Ilopoatnpeiote ot
0 melpopo Exel 7 -6 =42 dvvara amoteléouoto kot yia tig {nrodueves mbavotnteg to
wAnbog twv evvoikwv amoteleoudtwv, ovtiotoiye, eivor 3-2=6, 4-3=12,
3-4=12,4-3=12.)

Me ypnon kotdAANA®V dECUELUEVOV TOAVOTTOV UITOPOVUE VO, DVTOAOYIGOVUE TNV
mBovotnto TG TOUNG Kot TEPIGGOTEPOV TV 000 evdeyouévav. Ag dodue TNV
npdTACT) TOV OKOAOVOEL.

Ilpéraoy 4.3: Av A, A,,...,A,, v evogyouevo evog deryuotikod ywpov £, ue
P(A4,4,...4,,)>0, t0t¢

P(AA,...A)=P(A4)P(A4, | A)P(4;, | A A4,)...P(4, | 4,4,...4, ). (4.4)
O tOm0¢ AVTOS OVOUGLETOL TTOALATIAAGLAGTIKOG TOTOG 1] TOLLATAAGIAGTIKOS VOUOG.
H anddeén eivon omd. Egopupdlovtag tov tomo (4.1) vy 11 deopevpéveg

mOavoTTEC TOL EUPVICOVTOL 6TO deVTEPO PEAOG TNG (4.4) £xoLLE:
P(A)P(A, | A4)P(A, | A 4,)...P(4, | A4 4,...4, )=
p(Al).P(A1A2).P(A1A2A3)... P(4,4,...4))
P(4)  P(44,) P(A44,...4,,)
H ovvOnkn P(4,A4,...4, ) >0 efacpariler 6Tt o1 deopevpéveg mOovOTTEG TOL

= P(4,4,...4).

enpavifovrar 6to devTEPO HEAOG TOV TollomAaaiaotikod tomov opilovtat. lpdypartt,
P(A)=P(4,4,)2...2 P(4A4,...4,,)>0 (apoV 4, D A4 A4, D...04,4,...4, ).

Ov tmor (4.2) wor (4.3) 7wpoeovdS amoteEAOVV  €0IKN  MEPITTOOYN  TOL
TolLarmlaoiaotikod THmov Yo v =2 .

Hapadeyua 4.11 (Lvvéyeia _tov Illapadeciyuaroc 4.2): Oa vmoloyicovue v
mhovotnTo, oTOVS TPEIS TPATOVS TEAGTES VO 008l KOVTI e OKEDOOUO. TOD OV EYel

Anéet.

Ac Bswpnoovpe to evogxOLEva, A, : yio TOV i-0T0 TEACTH EMIAEYETOL KOVTI UE TKEDOTHO

mov Eyer Anéer, pei =1, 2, 3.

Zntape v mbovomta tov evdeyopévov A;A5A5. Amd tov mollomdaciactikd tomo

£XOVLLE,
T , P P 4 3 2 4
P(A;A4;43) = PCA P | ADPA | 4147) = 2= <.

2y06i10 4.1: O morlomAaoioaotikog TOTOG, OTWS PAIVETOL KOl A0 TO. TOPAOEIYUOTO, TTOV
owaoue TPonyovUEVaS, Ponbael 1010iTepa o€ TEPITTAOTELS TPOPANUATOV TOV 0POPODY
O€ OLKOYEVELES EVOEYOUEVWV TTOV UTTOPODY va. TomoBetnBovy o€ uia gelpd. (ypovoloyiki,
Aoyikn, n aAdn). Aeite w¢ emmléov ayetika mopoociyuoato koi ta Ipofinuazo 4.10,
4.11 kou 4.12.
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4.3 Ocopnua Olikijg IBavoryrag (law of total probability)
2V mponyovuevn €vOTNnTO, OTOV WANGAUE Yoo TIC TPAEelg petalh evoeyopeEvmy,
detéape Ot av {B,, B,,...,B,} glvoar po dtauépion tov derypotikov ympov L2 evog
nepdpatog tHYNG TOTE Yoo OMOONmOTE €voeyOuevo A tov Q, to. evoeyOUEVA
AB,, AB,,..., AB, amotehobv (o diouépion tov A, Sniadn,

A=AB W AB, U ...0U 4B, xou (4B, )(AB;) =< (yio. ka0 i # j).
Avto onuaivel 6Tt dtav Tpaypotomoleitol T0 evogYOUEVO A, TPOYUOTOTOEITOL GE
oLVOLAGHO e va Kot padota pe axppag éva (Lovo éva) amd to AB,, AB,,...,AB,
(oeg Zynua 4.6). 'Etor épovpe, P(A) = P(AB, U AB, U ...U AB) xa1 AOy® NG
WOOTNTOG ™G TETEPATUEVHS TEPoTBeTikoTnTag TG THAVOTNTOC, TOIPVOLLE

P(A4)=P(AB,)+ P(AB,)+ ...+ P(4B)).

O 1Omog avTOS VIOAOYIGHOV TS TOAVITNTOS EVOC evoegyopuévov A wg dBpolcua Tmv
mbavotitov Tov EEvev avd 6vo evdeyouévov AB,, AB,,...,AB, tov onoiov M
évoon gtvor 6A0 10 4, ovopdletar Tomos TS 0AlKkIS mOavoTHTAS.

Av yw 6k to i=L12,...,v, givon P(B) >0, tOte o1 deoucvuives mbovotnteg
P(A|B;) i=12,...,v opiCovton kot o tdmog ¢ olikng mbavotntag, 6€ GLVILOGUO
HE TOoV moAlamiooiaotixo tomo
P(AB,)=P(A|B,)P(B,), i=12,...,v

YpaQeTOL

P(A)=P(AB,)+ P(4AB,)+ ...+ P(4B,) =

P(A|B\)P(B,)+ P(4|B,)P(B,) +...+ P(4]| B,)P(B,)
Amodei&ape €101, 10 Gepnua olikig mbovotnTog:

Ocopnua Olikijs Ihbavoryras: Av {B,, B,,....,B,} eivar po odwouépion tov
ogryuatikod ywpov £ evog mepauatos toyng, ue P(B;) >0 ya dda ta i=1,2,...,v,
707¢, Y10 kKaBe evoeyouevo A tov Q 1oydet ot

P(A)= Y P(4B) = X P(AIB)P(B). (4.9

P(A)=P(AB, U AB, U ..U 4B,) =
P(AB))+ P(AB,)+...+ P(4B,) =
P(A|B)P(B,)+ P(A| B,)P(B,) +...+ P(4| B,)P(B,)
2ynua 4.6
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Hapaderyua 4.12: Or evijhikes katoikol (=18 etwv) poag wepioyns Eyovv talivounbei
0€ TEVTE NAIKIOKES OUGOES. 2TOV TIVaKo, TOv axolovBel paivetal t0 mWOGOTTO WOV
Katéyel kabe niikiakn oudoo ato advolo twv evhlikwv (218 etwv). Exiong poiveta
70 TOOOGTO TV KOTOIKWV KGOe NAIKIOKNG OUGOGS TOD TIVOLY TOVAGYLOTOV TPEIS
Kopéoeg nuepnoiwg. Iloio eivar n mbovotnta Evog eVRAIKOS QVTHS THS TEPLOYHS OV
EMAEYETOL TOYOIO. OO TO dOVOAO TV evhiikwv (218 etwv), vo mivel TeP1oaoTEPODS
OTTO TPEIG KOPEDES NUEPNTLG;

Hiucoxrn Opdda

1 2 3 4 5

18-24 | 25-34 | 35-49 | 50-64 | =65

[Tocoo16 Katoikwv pe >3 KopESES

(% eni T nAKiaKnS ouddag) 26 35 10 30 5

[Mocootd oV KATEYEL N NAKLOKT OpAdL
(% eri 0V GLVOLOV TV EVHAIKWV)

9 20 31 23 17

Ao tovg eviAikeg koToikovg (=18 etddv) g meployng emiéyovpe toyaio Evav. O
OEIYHOTIKOC YMPOC 2 aUTOV TOL TEPAUOTOS TUYNG Elval TO GOVOAO OA®V T®V
evnNAkoV kotoikov avtg ™¢ meployns (=18 etmv). Ag Bewproovpe Ta VOEYOUEVA
B. : o kdroikog avixel oty nlikiokn oudoo i,i =1,2,....5.

A: 0 KGTO1KOG TIVEL TOVAGYITTOV 3 KOPEDES NUEPNTIWG.

Mog  dtveton 61t P(A4|B,)=026, P(A4|B,)=035, P(A4|B,)=0.10,
P(A4]1B,)=0.30, P(A|B,)=0.25, P(B,)=0.09, P(B,)=0.20, P(B;)=0.3l1,
P(B,)=0.23 ko P(B,)=0.17 o pog Cntetton n uny ogousvuévy mbovotro
P(A) tov evdeyopévou A.

Ta evdeydueva B, B,,..., B, mpoeavdg 0mOTEAOVY [t SLOUEPLOT) TOV SELYUATIKOD
YDPOV TOL TEPAUATOS 0PoV KaBE eviAkog KATOwKOG > 18 €TV aviKeL GE oL Ao TIg
TEVTE NMKLOKEG OUAOEG Kol PdAloTa LOVO GE pid, 1 OAADG, 01 TEVTE NMKIOKEG OUAOES
KoAOmTouY  OAeg TG nAwkieg =18 etmv, dniadn B, UB, U...U B, =Q, xo
BB, =0 (yw xdbe i # j). Enopévog, yio t Intovpevn mbavotta P(4), propel

va epapprocbei o Tomog (4.5) tov fewpnuarog olikns mbovorytog. Etot £xovpe
P(A)=P(A|B,)P(B,)+ P(4|B,)P(B,) +...+ P(A| B;)P(B;) =
0.26-0.09 +0.35-0.20+0.10-0.31+ 0.30-0.23 + 0.25-0.17 = 0.2359.

Enopévog, n mbavotnta €vag eviMkog KATOWOG NG GLYKEKPIUEVNG TEPLOYNG TOV
emAEyeTon TVYaia, va Tivel TOLAGYIoTOV 3 KapEde Nuepnoing gival (mepimov) 0.24.

Towg mapatmpnoate 6t n TBavOTNTO TOL EVOEXOUEVOD A, HECH TOL TOTTOV TNG OAIKNS
mbavorytag eKPpdodnke Ko vwoloyicOnke wg o eTabuicuévos uécos opos TV
mhovoTHTO®V Tov A €vTO¢ KABE MAIKIOKNAG opddas, pe ovvieheotés otdOuiong 0.09,
0.20, 0.31, 0.23 ot 0.17 mov exkEPALOLY OVTICTOO, TO GYETIKA HEYEON TV
NMKIOKOV OHAd®V.

Eotw {B,, B,,...,B,} wa dwouépion tov deiyuatikod ywpov L evOog TEPOUOTOS
wyns, we P(B,)>0 yo xdbe i=1,2,...,v.Me tov tomo (4.5) tov Oecwpruoros tng
olikng mbavotnrag, n un oecouevuévy mbavotnto. P(A)  evog  omorovonmote
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evoeyousvov A tov Q exppaletor w¢ 0 GTAOUIGUEVOS HEGOS OPOS TWV OETUEDUEVWV
mboavoritwyv P(A|B,), ue ovvreleotés orauiong, avtiotorya, tig mbovortnres P(B)).

Hoapaderyua 4.13 (Zvvéyeia Tov Hapadeiyuarog 4.1): Av koamoiog vrofinbei aro TB
tine test yia va. eAeyyOei av givar popéag tov PoKIAov THS PUUOTIWONS, TO OTOTEAEGUA.
oev gival omoivto, oniady, dev eivar Tavrote owoto. Mmopel dnloon, to omotéleaua.
700 test va eivol Oetiko eva o eletalouevogs oev ivar popéag. Emiong, umopel vo unv
eivar Oetiko evad o eletalouevog eivor popéas. Béfaira, n allomartio tov test (amo
OYETIKES UEAETES), 1ag eival yvaooth. Etol, yvopilovue v mbavotnto 1o amotéleouo
T0V test va eival Getiko av o ecetalouevos givar popéas omwgs kai v mhovoTnTo. To
omotéieoua. tov test va eivar Oetiko otov 0 eCeTolOuUEVOS Ogv  EIVOL  POPEAG.
2vyKeRpIuEVa, Yvawpilovue Ot
P(©|B)=0.92 ko1 P(@|B')=1-P(O'|B")=1-0.96=0.04.

YrevOouilovue ot ue O wor B éyovue ovufolicelr, aviiotoiyo, to EVOEYOUEVO. «TO
omotéreaua Tov test eivor Oetikoy ko «o eCetalouevog eivor popéog tov Poaxiiov e
POUOTIOONCH.

Evo. mpato evroyo epatnuo. eivor to e£ng: mota ivar  n mbovotyto. yio Evay KAToiko
TOV EMAEYETOL TOYOLO. ATO T GOYKEKPIUEVY TEEPLOYN Kol vrTofailetar oto TB tine test to
omotéleaua tov test vo givar Oetikd, N 0AAIDGS, TI TOCOOTO TWV KOTOIKWV o1
OVYKEKPIUEVT TTEPLOYT OIvEL BETIKO amoTéAEoOL.

Enedn ta evdeydueva B kot B’ amoteAodv pio SOUEPIOT] TOL OELYUATIKOD YDPOL
(apoV mpogavidg BUB'=Q xou BB =) xka enewdy P(B)=0.0075>0 «xot
gnopéva kor P(B)=1-P(B>0)=0.9925>0, and tov 1m0 (4.5) t00 Ocwpharog
oAikng mbavotntog €govue

P(®)=P(@|B)P(B)+ P(O|B")P(B')=0.92-0.0075+ 0.04 - 0.9925 = 0.0466

‘Etot, Yo évav Katowo omd TV cLYKEKPUEVN Tteploy] (TTov EMALYETAL TLYOIN) KO
vroPBarieton oto TB tine test, | mBavomta, P(@), 10 anotélecpa Tov test va etvol
Betco eivan 0.0466.

Eotw A ko1 B 000 evoegyoueva tov deryuatikod ywpov 2 evog TEPGUOTOS TOYNG UE
0< P(B) < 1. Ta evogyoueva B ko1 B (deg ka1 Zynuo. 4.7) amotedodv orouépion tov Q2
(apod BUB' ' =Q ka1 BB'=O ) kou emouévag, o tomog (4.5) ¢ olikng mbavotnrog
yio. v P(A) ue faon t dwouépion {B, B'}, ypdpetar

P(A)=P(A|B)P(B)+ P(A| B")P(B") (4.6)

Q
B :-. B’
P N
~ N
= |
/ AB | AB'/
.-": /
{ /
N [
y—
4 | //

P(A) = P(AB L AB') = P(AB)+ P(AB') =
P(A| BYP(B)+ P(A | B')P(B)
2mua 4.7
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2nucioon _4.3: O1 odesoucouéveg mbovotntes mwov gupoviovior otov tomo (4.6)
TPOPavmg opilovrou apov vrobéaoue ot P(B)>0 Kai
PB)<1< P(B")=1-P(B)>0.

Hopadeiyua 4.14 (Zvvéyeia tov Ilapadsiyuaros 4.2): Oo vrmoloyicovues tHv
mbavotnra, P(A,), vo d00si ato debdtepo melatn kovti e okebaouo oo Eyel Anéel

Me amAn epapproyn Tov TOmTov 0AikNS TOavoTHTOS TOIPVOLLE
23 34 3
PA,)=P(A, | A)P(A, )+ P, | A)P(A)))==-=+=-—==.
(4,) = P4, | 4,))P(4,) + P(4, | 4))P(4;) e 7 e 777
[Mapatmpeiote 6Tt P(4,)=P(4,), miadn, n mbavommta va dobel otov devtepo
neAdtn Kouti pe okedaopa mov €xel An&et etvan ion pe v mbavotnto va dobsi otov
TPAOTO TEANTN KOLTI LE GKEVAGLA TTOL £xel AnEet!!!

108
Tewmoviko Havemoariuio AOnvav/T Tlaradorovios (www.aua.gr/gpapadopoulos)



Aeouevuévy Iibavornta — AveCaptnoio. Evosyousvawv

4.4 Ocwpnua tov Bayes (Bayes theorem/formula))

Hapadeyua 4.15 (Zvvéyera tov Ilapadeiyuaroc 4.13 kat 4.1): 2o opaderyuo 4.13
vmoloyiooue, ue Paon 10 Oewpnuo s olikng mbovotntag, ™y mbavotnto TOL
evogyouévon O: to amotéleaua tov test sivou Oetiko kou Ppnrope P(O)=0.0466. Eva

EPAOTNUO. TOV ETIONS (ka1 KVPIWG) evolapépel eivor to eCng: av mpoyuotomomnbel 1o
evoeyouevo O, onioon, av yia Evay toyaio ETIAEYUEVO KaTolKo mov vmofinbnke oto TB
tine test 10 omotéleoua Ppebei Oetiko, moio eivor n mbavotnra o eletalouevog
TPOYUOTL VO, EIVAL POPENS TOV POKIAOD THS PUUOATIWONS KOl TTOL0, VO. UNV EIVOL,

YrevBopilovpe 0t £xovpe opioetl To evdeyoduevo B: o efetalouevogs eivor popéog tov
Paxilov ¢ eouotioons. Zntdpe TG decpevuéveg mbavomteg, P(B|O) «ai
P(B'|O).

Amo tov tOmo (4.1) g decpevpévng mhovoTnTog EVKOAN TOipVOLLLE
P(B| @)= P(BO) _ P(O|B)P(B) _0.92-0.0075 _ 0.0069 _ 0.1480
P(O) P(O) 0.0466 0.0466
onote P(B'|@)=1-P(B|O)=1-0.1480=10.8520.
Aniodn, av yu évav toyoio emdeypévo kdtotko mov vroPAnOnke oto 1B tine test to
amotéleopa Ppebdel Oetikd, n mOBavOTNTO 0 KATOUKOG VTOG VO EVOL TPAYLOTL POPENGS
tov Poakidov ™G @upatioong eivoar poag 0.1480 ko n mbovotnto va unv sivon
eopéag eivor 0.8520. Ampocevo, Kol €K TPOTNG OYEMG, TAPALOYO OTOTEAECHA, OE
vouilete; (deite Zyoiio 4.2 oty ovvéyela,).

Tn {ntoduevn ex twv votépwv mbavétra P(B|O) v vmoloyicape papuolovtog
10V T07T0 TOV Bayes 0pob npdta tov amodeifope!!! Ipdypartt, and tov THTO 0pIoHOY
™G deopevpévng mbovotntag, eOdvove oToV 00 ToL Bayes £161 amAd.

Ocopnua tov Bayes: Av {B,, B,,...,B,} eival pa diopépion tov deiyuatixod ywpov
Q evog mepauarog toyns, ue P(B;) >0 ya dda ta i=12,...,v, 101, yio kale

evoeyduevo A tov Q ue P(A) >0, 1oyver 0Tt
P(4]|B,)P(B))

P(B, | A) = , i=L2,...,v. (47)

|4

ZP(A | B,)P(B;)

H oandoeién eivon moAd amdn. O tomog (4.7) mpokdmtel Gueca amd ToV TOTO OPLGLOV
NG OEGUEVUEVIC TTOOVOTNTOGC
P(B,A)
P(4)
oV OVOADGOVLE TOV TOPOVOLLOGTY] GOUP®VA LE TOV TOTO NG 0AlkHS ThavoTnTas Kot
OVTIKATOOTHCOVUE TOV aplOunt e Pdon tov rollariaciootiké tomo
P(B,A)=P(4|B,)P(B,).
‘Etot, yio mopadetypa, yio ) deoucouevy mbavotnta P(B, | A) maipvovpe
P(4|B,)P(B,)
P(A|B,)P(B,)+ P(A| B,)P(B,)+...+ P(4| B,)P(B,)

P(B;|4)=

P(B, | 4)=
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[Mopatnpeiote 6t1 0 apOUNTNG Elvar Evog amd Tovg OPOLS THG OAKNG TOAVOTNTAG TOV
eneavileTon oTov TOPAVOUASTN. (Zrepbeite ¢ ayeti(etar n deouevuévy mhovotyto.
P(B, | A) ue v mbovotnta tov okioypopnuévon evoeyouévon ato Lynuo. 4.8).

Enedn (6mwg polg dwomiotdcapue) o tomog 100 Bayes TPOKOMTEL ®C U0 OTAN
EPAPLOYY TOL moAlamAaciootikod tomov Kol TOv Bewpnuatog olikng mboavotytog,
{owg, ek TPOTNG OYEMS, PAIVETAL VO OTOTEAEL L0 HOGOVOG OMUOGIOG ETEKTOCT TOV
tOmov opwopov G deopevpévng mbavotntag. Opwmg dev etfvar étol. Avtifera,
TPOKELTAL Y10 VO AMOTELECUA TTOV £XEL TPOKAAEGEL PeYOAo Kot {onpo eVOAPEPOV,
a@evog yiati divel amdvtnomn og evOLPEPOVTO TPOKTIKA EPOTNUOTO KOl APETEPOL
Y, ond po gupvtepn okomid, 0éter Pabvtepa (Kot pe EIAOGOEIKY dldoTOCM)
nTuote Kot EPOTAUOTO TOL UAAMGTO 00NYNGOV GTN ONUIOVPYIN «GYOANG» Kot
Wwitepov KAGOOL o1 ZTOTIOTIKY, T Mrebliavy Zratiotiky. Oumc, ot oYETIKEG
cu{NMoelg TPoKAAEGOV Kol dlpwVies Kot «oyiopo» HeTald TV oTATIoTIK®OV! XN
ouvvéyela, d¢ Ba emextabovue oe Bépata mov tibevtol amd ™ oyetikny cvl{non. Ou
YPNCUYLOTOUCOVLE TOV TOTO TOv Bayes yio T0 GKOTO OV apy LKA Tpoopdtay and tov
awecpotato Thomas Bayes. I'ia Tov VTOAOYIGUO TNG «avTiorpopns TOovOTHTOC.

Av yu Oha to i =1,2,...,v yvopilovue T1¢ deoucvuéves mbovornteg P(A|B,), to
Oecwpnua tov Bayes pog emtpénel va VTOAOYICOVUE decuevuéves mbovotyres otV
«avtiopopn katedBovany, SNAadn, va vroroyicovpe 11 P(B, | 4) and tig P(A|B,).

Y10 onueio avtd mpémer va Oevkpvicovpe 6Tl 10 Ocwpnuo tov Bayes Omwg
dwtvmnke mponyovpévme, ompoctevbnke 1o 1812 and tov Laplace, otov omoio
OQEIAETOL KOl TO OVOLLOL TOV, TTPOG TIUNV TOVv AyyAov tepéa Kot padnuatikov Thomas
Bayes (1701-1761) tov omoiov gpyocio. HE TO OCULYKEKPYEVO OMOTEAEGUO ElxE
dnpoctevbel dvo ypdvia petd o BGvatd Tov (An essay towards solving a problem in
the doctrine of chance, Philosophical Transactions of the Royal Society, 53, 1763).

Hapadeyua 4.16 (Zvvéyeia tov Iapadeiyuatog 4.12): YrevOouilovue ot Eyovue
oploel (deg Iopaderyua 4.12) ta evoeyouevo,
B. : 0 kdroikog avixel oty nlikiokn oudoo i,i =1,2,....5.

A: 0 KGTO1KOG TIVEL TOVAGYLTTOV 3 KOPEDES NUEPNTIWG.

T xabévo i=1,2,....5 yvawpilovue ™ oeousvuévy mbavotnro. P(A|B,), oniadn,
waopilovue v mOavoTnta Evag eEVRMKAS TOD ETIAEYETAL TOYOIO VO, TIVEL TOVAGYLTTOV
TPEIS KOPEDES NUEPNTLWG, 000EVTOS 0TI OviKel atny i nAikiokn oudoa. Mag eival exiong
YOOTEG 01 &K TV mpotépwy mibovotntes P(B;) twv evogyouévwv B,. Anlooy,
WPILovUE TNV EK TWV TPOTEPWYV (TPIV THYV EKTEAETN TOV TEIPGUATOS) TLOAVOTHTO EVOS
EVIAIKOG TOV  EmAEyeTon  Tv)YOlO. Voo  ovikel oty i nliklaky oudoo.. Oa
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xpnoiporomooovue tov oo Tov Bayes yia vo. vmoloyicovue yio kabe i=1,2,...,5 v
«ovtiopopn» ek TV voTépwv mbovotnto. P(B, | A), dniadn, v mbavotnta évog

EVIAIKOG TOD EMIAEYETON TUYALIO. VO AVIKEL OTHYV I NAIKLOKY OUAda, 0004vTog Otl mivel
TOVAGYIOTOV TPELS KAPEDES NUEPNTLWG.

>to [lapaoetyuo 4.12, YpnOYLOTOIOVTAG TOV TUTO NG odikHg mbovotntag, PprKope
5
ot P(A) = Z P(A|B,)P(B;)=0.2359 ."Etot, and tov tomo tov Bayes

P(4]B)P(B))

> P(4|B)P(B)

P(B, | A) = i=1,2,...,5

TO{PVOLLE:
P(A|B,)P(B 26 -0.
p(B, | 4)=-LAIBIFB) :05623(5’909:0.10
D P(A|B,)P(B,) '
i=l1
P(A|B,)P(B 35-0.
P(B, | 4)= 5( |5,)P(5,) =035232920z0.30
> P(A|B)P(B)
i=1
P(A4|B,)P(B .10 -0.
P(B, | 4)= 5( |8,)P(B,) =03232931z0.13
D P(A|B,)P(B,) '
i=1
P(A4|B,)P(B 30-0.
P8, | A= P B0 BB 59
D P(4|B,)P(B,) '
i=1
P(A|B,)P(B 25-0.
P8, | 4)=LAIBIPB) _0.25-0.17 1

5
S P(4|B)P(B,) P
i=1

'Eto1, evd o1 ek v mpotépwv mBavOTNTES VO EMAEYEl EVAMKOG a0 TIG NMAKIOKES
onades 1, 2, 3, 4 ko 5, avtioctorya, eivar 0.09, 0.20, 0.31, 0.23 ko 0.17, ot avticToryeg
EK TV DOTEPWV TOAVOTNTES, 000EVTOG OTL 0 EVAAIKAG OV EMEAEYT TIVEL TOLAGYIGTOV
TpEIS KapEdeg nuepnoing, eivar 0.10, 0.30, 0.13, 0.29 ko 0.18. Ilapamnpeiote ™
UeyOAn uetaforn e mbavornrog vo emheyel evilkag amd TNV NAIKLOKY opdoa 35-
49  odoBévtog  OTL  mivet  TOVAGYIOTOV  TPEC  KOQEdES — MUEPNOIWG
(|P(B; | A)— P(B;)|H0.13-0.31|=/-0.18=0.18). Avtdé ovpPaiver yuti emréyston
EVIAIKOG TTOL TIVEL TOLAGYIGTOV TPELS KOPEDES MUEPNOCIOG EVD TO TOCOCTO TWV
eMMKOV G6€ QLT TNV MAKWOKY Opddo mov 7ivel TOVAGYIGTOV TPELS KOPEDES
nuepncing, stvoar pikpod oe oyéon pe T1g dAdec opddesg (to pikpotepo). Emiong, peydn
avtiotoym petafoir, mapatnpeitol otny nAKokn opdda 25-34 aAld oty avtifetn
katevbvvorn. Zkepbeite yotl (mapoatmpeiote 0Tt 6€ aVTY TNV OUAON TO TOGOGTO TV
EVNAIK®V oL TTivel TOLAGYIOTOV TPELS KAPEDEG NUEPNTIMG Elval TO HEYAAVTEPO).

M evolapépovoa Yo TIg EpapUOYES (Kat Oyl LOvo) epunveio Tov Gewpruoatos tov
Bayes etvaun €€nc:
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Av to evogyouevo B,,i=1,2,....,v Oewpnbodv w¢ «outiecy, o tomog tov Bayes
exppaler v mbovotnta, 10 «amotéleouoy A (0nAaon, N EUEOVIGH TOD EVOEXOUEVOD
A), va. opeiletou oty «oution B,. Etol, 6tav pog gival yvwoto to «amotéieouar A,
0 tomog Tov Bayes puag empémel va 0onynlodue o L0YIKkd GOUTEPLGUATO YIA TNV
«auTion OV TO TPOKIIECE.

Mo mapdderypa, n ek 1oV votépwv mbavoryro. P(B|©)=0.1480 mov vrmoloyicape
ponyovuéveg oto Iapaderyuo 4.15 pmopet vo epunvevdel oc eEng: Yrapyer 14.8%
mOovOTNTO TO OMOTEAEGHA TOV fest va PynKe BTk emedn 10 ATOUO €ivar PopEag.
Atevkpwvilovpe 6Tl T0 «OTOTEAEGHLOY €0G €lval OTL TO fest (Y10, TO ATOUO OV EMEAEYT))
Bynke Betcd ko M ewalopevn «outioy Ot To dtopo elvar gopéac. Xkepbeite (Yo
€€AOKNOY) TOG UTOPOLY va. epuUnveLBoLV, aviloya, Ol EK TV DOTEP@Y TOAVOTHTES
nov vroAoyicape oto [opdoetyua 4.16.

[Ipwv ddoovpe pepkd axoun mapadelypota €QOPUOYNG TOL TOmOL TOL Bayes,
Kpivoupe okOmPo vo kdvovpe €vo oYOA0 Yyl TNV TN NG €K TOV DOTEPWV
mBovotnras P(B|©) mov vroloyicape oto [apaderyuo 4.15.

206410 4.2: To TB tine test eivou éva moAd allomiato test, apov KAveEL math) O16yvaon
ue mbovornro 0.92 av o eletalouevos givar popéog kor ue mboavoryro, 0.96 av o
eletalOuevog dev givau popéag. Emiong, xaver yevdwg Ostikny o1dyvwaon, oniadn oiver
Oetiko omotédeoua eva o eCetalouevog dev ivor popéag, e uikpn mbavotnra, ion ue
0.04 (P(@|B)=1-P(O'|B)=1-0.96=0.04). Evtovroig, Pprixoue ou
P(B|©)=0.1480, oniaon, Ppnroue ot1 amo 1o drouo mov 10 test Eyel dwoel Oetiko

amotéieaua (1 oAAig, Tov 0 test Exel diayvaoel otL givou popelg), uovo to 14.8%
EVOL TPAYUATL YOPELS, 1] 1000DVaUA, OTO TO. GTOUO. TOV TO test Eyel 0woel BeTiko
amotéieaua, to 85.2% odev givar popeils. Ouoloyovuévas mold mopdlevo amotéleoya.
Hlog eénysiton 000 ueydAn aotoyio. Kai QLOIKG YEVVATOL TO EPWTHUO, TOI0, 1]
OKOTIUOTNTA EVOS TETOLOD OLAYVUTTIKOD test |e 1000 UEYOLo moooato AovOaouévwv
owyvaooewv. H eénynon Ppioketor oo 0Tl 10 TOG00TO TV POpéWY aTov TANBLOUO
etvar woAd wirpo, uoiis 0.75% (P(B) =0.0075) kot emouévas 1o mocooto ocwmv ogv
eivar popeis eivon wold ueyoio (99.25%) ue omotéleoua vo. givor moAléS o1 Ostirég
010yvaoels mov ogeiloviar o AdOn tov test. Ocwpeiote, yio mopdderyua, OTl oTn
ovykekpiuévn mepioyn vaapyovy 10000 karoikor. Popelc avouévetar vo eivar oS 75
(0.0075-10000 =75) evad avauéverar vo, unv eivar popeic 9925. Etoi, to TB tine test
ovopEVeETaL vo, 0wael 69 owatég Oetikég o1ayvaoels (omo Tovg 75 Katoikovg mov gival
popeig, 0.92-75=69), alld kou 397 laBog/wevows Octikés dioyvaoels (amd tovg
9925 katoixovg mov oev eivour popeig, 0.04-9925=397). Anloon, amd tg cvvolika
69 + 397 =466 Oetinég J10yvOOEIS, 01 COVIPITTIKG TEPIGTOTEPES EIVAL WEVOWS BETIKEG,
Tapotl 10 test Oivel wevdws Betikd omotéleoua pe mwoAd pikpn mbavornro (0.04).
THopoznpeiore ot1 owt0 ovufaivel yiati ivor TOAD TEPIGOOTEPOL 01 KATOIKOL TOV OEV
elval POpPELS, opov €val OTOAVIO TO EVOEYOUEVO Vo, EIVal Kamolog popéas. Etal to
T0600T6 TV 6moTAY GeTikdy Siayvarcemv avouévetar ioo ue 69/466=0.1480, evad

TV wevddg Oetikdv 397/466 = 0.8519 .Aeite emiong atov mivaxo mov axolovbel wdoo
wolv emnpealeton n mbavotnro, P(B|O) (dniadn, 1o mooooto twv owotdv Oetikwv
oyvaooewv) omo v mbovotyro, P(B) o eCetalouevog va eivar popéog.
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P(B)
0.0075 ]0.01 ]0.02 |0.05
[ P(B|©) [0.1480 |0.1885|0.3194 | 0.5476

2 0TI aQopd. TH GKOTIUOTHTO TPOYUATOTOINGNS TOV test emonuaivovue 0tL 1 alio Tov
UTOPEL Vo, EKTIUNBOE] KOADTEPOL OV TOPATHPNOOVUE OTL UETC, TO OETIKO OTOTELETUO 1] EK
TV voTepV mOavoTnTo. TOo dToo Vvo. givar popéog, mopott eivou puxpn (14.8%),
evTovt01g eival wepimov 20 QopES UEYOADTEPN OTO TV EK TV TPOTEPWV (TP1v T BeTikn
ogyvawaon) mbavotnra vo eivor popéas (0.75%) yeyovog to omoio umopel va
DTOOEIKVVEL TL EIOOVS TOPOKOLOVONGH TPETEL VAL YIveL ot oVVEXELD, (ETITAEOV ECETATELS
Ktl). Béfaua, yia ) okomudTHTO TPAYUOTOTOINGHS O10)VOOTIKWOV tests yio. OTAVIES Kal
OOVUTITOUOTIKES  aoBEVEIES AouPavoviar vTOWn Kol GAAES TOPOUETPOL OTWS VI
Tapaderyuo. av to test Eyel mMTTOOEIS oty vyeio Tov eletaldusvoo (ov yiveral, T.x.,
xpron axtivofoliog) k.d., ouws oe Ba emextabovue mepLiaooTEPO.

Oloklnpavoviog, GHUEIWOVOVUE OTI OTIC EMIONUIOLOYIKES OAAG KOL YEVIKOTEPO, OTIS
LOTPIKES EPEVVES, Y10, TNV OCIOTIOTIO KoL TNV OLOAYVOOTIKH allo TV OLayVwoTIKOY
eAéyxwv ypnoiuoroieital 101xn opoloyio. Etol, ov Gewpnoovue to. evoeyoueva.

B: 0 eCetalouevog eivar ao0eving

O: 10 amotéleaua Tov test eivar Oetixo,

n mBavotnra. P(O|B) to test va kdvel owoth) 014yvawon 0toy 0 eCETOLOUEVOS Elval

aobeviic ovoudletor evarcnaeia (sensitivity) tov test koau n mbovortnro. P(O'|B') 7o

test vo. 00El 0WaTO AmOTELETIO, OTAV 0 eLeTalOUEVOS Oev eivan aolevig ovouadleta
e10kotyta, (specificity) tov test. H mpofiektiky M otayvwotiky aéia (predictive
value) tov test opiletal e TIC €K TV DOTEPWY (OTAV YIVEL YVOOTO TO ATOTEAECUO. TOV
test) mbovotnreg P(B|O®) kau P(B'|O") mov vmoloyilovian omwg eidaue omd to
Oswpnuo tov Bayes ue faon v evoucOnoio koi Ty €101K0tHTO. TOL test (kai T 0160001
¢ acbévelag atov TAnGoouo).

Hopadeiyua 4.17: Xe éva Oepuoknmio Eyel eykataoctabel obdotnua  oovoyepuod
EKTOKTNG  OVOYKNG. 20Upwva ue TS TPOOLAYPOPES TOD  KOTOOKELOOTY, OTOV
Tapovo1oclel KoTaoToon EKTOKTNG OVAYKNG 0 avvayepuos ytomo. ue mbovornta (.90
EV® YTUTG KOI OTAV 0EV TOPOVOIOLETOL KOTAOTOON EKTOKTHS OVAYKNG ue mhavoTnta
0.01. Ermiong, éxer extyunBei ot n mbavotnra vo mopovoiocbel oto Ogpuoknmio
kotdotaoy ektoxtns ovayrng eivar 0.002. Av o ovvayepuos uolig ytonnae, moia eivor n
mBovotnto vo Eyel TPAYUOTI TOPOovCIaTOEl KOTATTOON EKTAKTHS OVAYKHG.

Ag Bewpnoovpe ta evoeyOueva, A: 0 ovVOYEPUOS yToTTOEL KOl B ato Oepuoxnmio Exet
Tapovo1oclel KaTaoTooN EKTOKTHS OVAYKHG.

Atvetan 6Tt P(B) =0.002, dnhaon, pog eivarl yvoot) N ek TV apotépwy mBovotnT
P(B) va mapovotachel katdotoon EKTaKTg avaykng Kot {nteital vo vmoAoyicovpue
mv ex tov vetépwv mbavotnta P(B|A), onmiadn, v mOovotnto v Exel
Topovclochel KOTAGTAON EKTOKTNG avVAYKNG 0006VTOg OTL XTUMNGCE O CLVAYEPHOG.
Aiveton emiong 601t P(A|B)=0.90 koau P(A|B')=0.01. And tov tomo tov Bayes
moipvoovpe

P(B| 4) = P(A| B)P(B) _ 0.90-0.002 _
P(A|B)P(B)+ P(A|B)P(B') 0.90-0.002+0.01-0.998

0.1528
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Andadn, N TBavOTNTO VO YTOTTNGE 0 GUVAYEPUOG EMELDT| VILAPYEL KATAGTUGT EKTOKTNG
avaykng, etvor pohg 15.38%. 'Etol, Omwg Kou otV mEPIT®ON TOL 10TPLKOV
SLYVOOTIKOV fest Tov €100 E TPONYOVUEVMG (deg Zyoiio 4.2), mapd T TOAD KOAES
TPOJAYPAPES TOL GLVOYEPUOV, OV OKOVCOVUE VO YTUTAEL O GLVAYEPHOS, M
mOovOTNTA VO £YEL GLUPEL KATACTOOT EKTAKTNG ovAyKnG givat pdvo 15.38%.

Apaye, ov 610 OEpUOKNTIO EYKATAGTGOVUE AKOUN KOADTEPO GLVAYEPUO (KoL LOAAOV
mo akpPo) Oa avénbein P(B| A); Anhadn), Ba avénbetl n mbovotnta, 6tav XTLTNGEL
0 ovvayepudc M outia vo givor 0Tt VIAPYEL KOTAGTACN EKTOKTNG ovaykns; Omwg
QoiveTol Kol otov Tivake Tov okoAovBel, av&dvoviag v gvaicncio poOvo Tov
GUVAYEPUOV, M avENCN TNG OOYVOOTIKNG KavOTTds Tov €lvar mOAD HiKpn 1
undevikn. Onwg eénynoape Ko oto Lyolio 4.2 1o npofinua PBpioketar oto 6TL TO
evogyopevo B gtval omdvio.

P(4| B)
0.90 095 1097 ]0.99

|P(B|A) 0.1538 | 0.1610 | 0.1610 | 0.1610

2 H 16éa mapoveidobnre yio mpadyty gopd o 1998 oto ovvédpio AAAI aré tovg Sahami, Dumais,
Heckerman & Horvitz (A Bayesian approach to filtering junk e-mail) ko1 mpocélkvoe 10 evolapépov
uolic amo to 2002 ue w onuoosicven amé tov Paul Graham tov apOpov «A Plan for Spam»
(www.paulgraham.com/spam.html).

114
T'ewmoviko [avemoriuio AOvaov/I Tlamadomovlos (www.aua.gr/gpapadopoulos)



Agouevpévy IhBovotnro — AveCaptnoio Evogyouévawv

Ac dobpe Eva aplBumTikd mapdderypo:
Hapaderyua 4.18: BpéOnxe ot amo ta 3000 unvouoaro mov épbocav uio ypovikn

wepioodo e évav mail server, ta. 2000 givou Spam kou to. 1000 oev eivor Spam. Bpélnke
emiong otL n AéCn «Rolexy supovioOnke oe 250 amo ta 2000 unviuora wov eivar Spam
ko1 o€ 5 amo ta 1000 unviuara mwov oev givou Spam. Eva unvouo plover orov mail
server kai OlOmIoTAOVOLUE 0Tl TIEpieyel ) AéCn  «Rolexy. Tlowo givou n mBavotnta to
Hvoua oo va eivar Spam.

Oewpdvtag 0Tt 0 aplBpds Tev enavarnyewny tov mepapatog (3000) eivor apketd
peydrog mote va Exel emttevyBel oTabEPOTOINGT TOV CYETIKOV GLUYVOTNTOV EXOVLE:

P(S) = 2000 _ 067, P(S)=1-P(S)=033, P(E/S)= 20 _ 0.125  xo
3000 2000

P(E/S") = ﬁ =0.005 xon emopévmg 1 {nroduevn mbavotnTa givar:

P(S/E)= 0.125-0.67

T 0.125-0.67+0.005-033

'Eto1, av og eninedo andppiyne omd 1o GIATpo vOg UNVOLOTOG TOV TEPLEXEL TN AEEN
«Rolex» Bécovpe to 0.95 toTE TO PNVL O OmOppinTETOL WG Spam.

Avdloyo vmohoyilovpe Tig avtiotoyeg mBavOTNTEG Yo OIATPO TOL EAEYYOLV
TEPIGGOTEPES OO Pt AEEELC.
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4.5 Aveéaptyra evogyoueva (Independent events )

Ye Oho TO. TWPOMYOVUEVO TOPAOEIYHOTO, ONWOC OOMIGTMOCOUE, Ol OEGUEVUEVES
mBavoTnTEG SLPEPOLY Omd TIS avtioTolyes un deopevpéves. Ta mapddetypa, n ek
TOV VOTEP®V (decpeLEVN) TBavOTNTO VO £XEL Vol ATOUO aypopatoyio 600évtog 6Tt
etvar dvdpag dlapépet, Kot palota ivol pHeyaddtepn, amd TV €K TOV TPOTEPOV (UN
deopevpévn) mhovotnta £va dtopo va gyl oxpopatoyio (Hopdaderyua 4.4). Anhadn,
av A kot B 1o evogyOeva, avtioTowo, «T0 ATOUO TOOYEL OTO OYPWUOTOWIO) KOl «TO
ATOWO EIVOL AVOPOSY, TOTE

P(A|B)> P(A)
EVD

P(A|B") < P(A),
ONAadN, N €K TOV VOTEPWOV TOUVOTNTA Vo EXEL VO ATOUO oxpouaToyio d00EvTog OTL
elvat yovaikoa, gtvor pukpotepn amd TNV AVIIGTO(N €K TOV TPOTEPWV.

Eniong, oto lapddsiyuo 4.6 idape 6t yio dvo EEva evoeydueva 4, B (ue P(A) >0
kot P(B) > 0) eivan

P(A|B)=0 xo1 P(B| A)=0,
oradn, M yvoon o0t gpeavichnke 1o éva amd to dV0, OTOKAEIEL TNV EUPAVIOT] TOV
GALOL (TPOPOVADS VOLEVOLEVO YOl EEVOL EVOEXOLEVLL).

210 1010 mopdderypo oci&ape emiong 61t av yio dvo evoegyopeva A, B givar Bc 4 ,
T01€

P(4]|B)=1
(avopevopevo, emiong, aeoL 1 ELPAVIOT] TOV B cuvendystot TV ELEAVICT) TOV A).

e OleC EMOUEVOS OVTEC TIC MEPUTTMGELS, N TOUVOTNTO ELPAVIGNS TOV EVOEXOUEVOL
OV LLOG EVOLOQEPEL, EMNPEALETOL OO TN YVAOOT OTL KATOL0 AALO EVOEXOUEVO GUVEPT
(1 ¢ oLVEPT). YTapyouv OUmG TEPUTMGELS OOV
P(A|B)=P(4|B)=P(4),

dNAadn, mepmTdcES Omov N Yvdon Ot cLVEPN 1 d€ cLVEPT éva evdeyopevo B (e
P(B) > 0) o¢ divet kapio mAnpopopia yio TV ELEAVIOT EVOG AAALOV EVOEXOUEVOL A4, M)
oAM®OG, M Tpaypatomoinon N un Tov B dev el kopio emidpacn oy
mpaypotonoinon v A. Aéue tote OTL TO EvdeydUevo A eivan aveldpTnyTo omd TO
evogyouevo B. Mdlota, eokolo mpokvmtel Ot tote kou P(B|A)=P(B) (av

P(A4)>0), onhadn, kot to gvdexdpevo B elvan aveEaptrto amd to gvdeyouevo A.
[pdypatt
P(AB
P(4|B)=P(4) & % =P(A) < P(AB)=P(A)P(B) &

P(AB)

P(4)
Anhadn, av 1 mpaypotonoinon tov B dev €xet kopia enidpacn otnv TpayLoTonoinon
Tov A 10Te KOU 1M Tpoyuatomoinon tov A dev €xel kapio emidpoocn otnv
TpaypoTonoinon tov B. Avtd onpaiver 0t 1 aveEaptoia evdogyouévov gtvar o
CLUUETPIKN oxéomn (w¢ Tpog ta A Kot B) kot YU avTtd amd TIG TOPATAVE® (GOSVVOLES
oY£0€1G, Y1 TOV Oplopd G emA&yOnke n P(AB) = P(A)P(B) mov amodidel KaAvtepa

= P(B) < P(B| A) = P(B).
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avt TN ovppetpiodmTo (0AAd Kot yorti amogedyovtal ot cuvOrkeg P(A) >0 ko
P(B)>0).

Opiocuos g avecaptnoiags ovo evogyouévav: Avo evioegyduevo, A kor B tov
oeryuatikod yawpov L evog mepouotos toxng Aéyovior aveéaptnta (independent
events) 1 6TOYAGTIKA/GTATICTIKA AVELAPTHTA O 1YDEL
P(A4AB) = P(A)P(B) (4.8)
eva av 1oyvel
P(AB)# P(A)P(B),
0. evoegyoueva. A kou B Aéyovrar eGaptnuéva (dependent events).

Me Béon to vonpa g aveEoptnoiag, av dvo gvdeydueva sivor ave&aptnta, Aoywd,
TEPYEVOVLE KO TOL COUTANPAOUATA TOVG Vo eivan emiong aveaptnta. [pdyuatt étot
elvat.

Ilpotacn 4.4: Av A ko1 B eivou oo aveldptnta evoeyoueva. tov og1yuotixod ywpoo £
EVOG TEIPOUATOS TOXNS TOTE Eval aveCapTnta kol Tta evogyouevo, a) A kot B’ ) A xau
B’ y) A ko1 B.

(0) Oa deitovpe 6tL av dVo evdeydueva A kor B eivor aveEdptra tdHTE €ivan
ave€ApTNTO KoL T0 GUUTANPOUOTA TOVG, A Kot B'.

Mo v mBavotnta ¢ Evaons 600 eVOEXOUEVOV 1GYVEL
P(A"UB")Y=P(A")+ P(B")— P(A'B").
Eniong, (Buunbeite tovg thmovg De Morgan) oyvet 61t
P(A" U B")Y=P[(AB)'|=1- P(4B)
KOl EMOUEVAS
1-P(AB)=P(A")+ P(B")— P(A'B") < P(A'B"Y=P(AB)—1+ P(A")+ P(B")  «xm
encldn P(AB) = P(A)P(B) (agob ta A xou B givon aveEdptnta), amd v teAevTaio
oyéon moaipvoupe
P(A'B"Y=P(A)P(B)—1+1-P(A)+1-P(B)=[1-P(A)][1- P(B)]=P(A")P(B").
Agi&ape, mhadn ot P(A'B")=P(A")P(B') dpo mpayuoatt ta A ko B’ givor
ave&aptnra.

Tnv anddeien tov (B) kon (y) deite v G o amAr doknon (YPMNOLOTOIEITTE TIC
oyéoelg A= AB U AB' xou B=BA U BA', avtictouya).

Znusioon 4.4: a) Zyusiovoous o6t av P(A|B)=P(A|B') tote mpopoavag Oo eivar
ko1 P(A|B)=P(A|B")= P(A). Ilpéyuaz,
P(A)=P(A|B)P(B)+ P(A|B")P(B")=P(A|B)[P(B)+ P(B")]=P(A|B).
) Eivar mpopavés ot 10 addvato evogyouevo, &, eivor aveCaptnto amd omol00NmToTe
aAlo evogyouevo A tov Q. llpdyuori,

P(AD)=P(A)P(D) <= P(D)=P(A)P(D)<=0=P(4)-0=0=0.
Eriong, ko1 o féfoio evieyouevo Q eivar oveaptnto amd omoi00Nmote eVogyOuevo A.
Lpdyuo,

P(AQ)=P(A)P(Q) < P(A)=P(A)-1< P(A)=P(A).
(Aeite kou v Aoknon 4.23).
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H évvown g aveloptnoiag evoeyopévov emekteivetar ywo tpio 1 mepiocdtepa
evogyoueva. Oumg ag dodpe mpdta Kdmolo mopadeiypato yio v aveaptnoio d0o
EVOEYOUEVOV.

Hopadeiyua 4.19: Piyvovue é&vo ouepoinmro VOUIoUo. 000 QOpPES Kol €0Tw  To.
EVOEYOLUEVO,

A: n évoeiln otn oevtepn plyn eivar «kepoin»

B: n évoeiln oty mpaTy piyn eivar «ypopuoTon.

‘Evog KatdAAnAog Serypatikdg yMPog ToL TEWPANNTOG £ivol TPoQavadc T0 cHVOLO
Q= {kx,ky, yK, vy} O6mov, ue «xk» cOUPOAILOVUE TO OEYHOTIKO GNUEID «OTNV TPAOTN
Kot ot 0e0TEPN plym N VOl elvar «kepadn»», Le «ky» TO OEIYUATIKO ONUEID «OTNV
PO piym 1 EvOeEn etvan «kepodny Kol otn dOTEPN Piyn «YpPoUuUoTON» KOK.

Ag dovue av ta evdgyoueva A kol B eivon aveEdptmra 1 e€aptmuéva. Emedn 1o
voopa givol apepOANTTO, To AAG EVOEXOUEVA TOL L UTOPOVLE VO TO BEPGOLLLE
oomifova Kot ETOREVMG £XOVE

2 1
P(A) =Pk, yx})=—=—,
(4) = P({xx, yK}) 175
2 1
P(B)=P({yK,yy})=—=— xo
4 2
1
P(AB)=P({7K})=Z-
Anhaon, P(A)P(B) :%-%:%: P(AB) kot emopévog to gvoeyoueva A ko B givon

aveEdptnro.

206410 4.3: Béfauia, 10 011 T0. evogyoueva A kou B eivou avelapthta, eivol Tpopoves Kol
TPOKVTTEL afiooTa, Omo TIC GVVONKES TOD TELPOLUATOS KOl TO VONUO. THG aveLopTHolag,
0pod 10 A ovviéetor uovo e ™ OevTEPN piyn Kai 10 B udvo e v mpwty, emouévag
elvar AoyiKo To omoTEAETUA THG OEDTEPNS PIYNG VO, UV ETNPEGLETOL OTTO TO OTOTEAETUA
™S TPWTNS (0AAG Kou avTioTpopa), N 0AAOG, 1 Tpoyuatomoinen N un v B dev
emnpedier v mpoyuatoroinan tov A. Ankaon, amo To. YopoKTHPIoTIKG, TIC oLVONKES
KOl TOUG TEPLOPIGLODS TOD TEIPOLUOATOS EIVAL TPOPOVES OTI

P(A|B)=P(A|B")=P(4).
Aciler vo emonudvovue 0t1, atny TPoly, avto cvuPaivel aoyva. o€ Tollo TpoPinuoTo.
Kou epopuoyés. Anloon, av A ko B 0vo evogyoueva, eivar Ovovatov omo TOLS
TEPIOPIOUODS Kal TIS TVVONKES TOVL TEWPOUOTOS VO TPOKDTTEL, TEPOAY KAbe aupifoliog,
OTL N TPOYUATOTOINGN 1] [1] TOV EVOS OEV EYEL KOUIO ETLOPOOCH TTHV TPAYUATOTOINGN 1
1] TOV GALOD. XE OTEG TIC TEPITTOOEIS AVAYVWPILODUE KOl JEXOUOTTE TNV AVvELOPTNTIA
v A ko1 B amo tic ovvOnKeS TV TEPGUATOS KO OV EAEYyOVUE TH TYéon oveCopTnaiog
P(AB) = P(A)P(B). Mdliota, deyduevor amo tigc avvOnkes tov melpduarog ot to. A
ko1 B eivou oveldptnta, umopovue vo. YpHOIUOTOGOVUE TH OYECH OUTH YLO. TOV
vmoloyioud g mbovotntog s ouns AB twv A kair B oo mold ovyva pag evolopépet.
(Oeite 10 TOPGOELY IO TOV 0KOAOVOEIL).

Hoapaderyua 4.20: Avo portntég, ag movue o A kou o B, kavovv v koloxaipivy
TPOKTIKI] TOVS AOKNON (G 010pOMTES KEUEVOV TE EVOY EKOOTIKO 01KO. LOUpmvo, ue Evo
test ikavotnTwv, o A eviomilel éva Aabog avliafiouot (ywpiouod 1ééng) ue mbavotnto
0.65 evaw o B evrorier éva Aabog avilofiouod ue mbavornto 0.80. Xe kabéva poitnty
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000nke vo, eléyler évo. keluevo mov egiye éva Labog ovilafiouod (to keiuevo nrow id1o
Ko y1o. 1ovg 000 portntég). Lo eivar n mBavotnta vo unv evtomiabei 1o Adbog,

Ac Bempnoovpe ta evoeyoOUEVOL
A: o portntig A evrorilel to Adbog
B: o portntig B evronilel to AdBog

Zntape v mbavomra P(A'B').
1°¢ tpomoc: Mpopovag (De Morgan) P(A'B") = P[(A U B)'], enopévag
P(A'B"Y=1-P(Avw B)=1-[P(A) + P(B)— P(4AB)].
Enedn ot dopbwtéc xatd kavova epydlovior povor kot Oyt e cuvepyaocia, givol
Aoy1Kd va Bewprcovpe 0Tt 0 av Ba evtomicel 1| oyl 0 Evog ot TG To AAB0g dev €xel
Kapio cvvénew/enidpacn 610 av o dAlog portntig Ba eviomicel 1 Oyt To AdBog, 1M
aAM®g, eival Aoykd va Bewpnoovpe OTL 1 TPAYUOTOTOINGN 1| U1 TOL €VOG amd To
evogyopeva A ko B 0 pmopel va €xel kdmota enidpacn oty mpaypotomoinon N un
0V GAAoV. TIpoKelTan ETOUEVMOGS Y10, AVEEAPTNTO EVOEYOLEVO KOl GUVETMG
P(AB)=P(A)P(B)=0.65-0.80=0.52.
‘Etot, yuo ) {ntodpevn mbavotnta £xovpe
P(A'B"Yy=1-[P(A)+ P(B)— P(AB)]=1-0.65-0.80+ 0.52=0.07.
2% 1pomoc: Enedn ta 4 ko B ivar aveEaptnra, sivar ave&aptnta kot ta 4" kot B,
EMOUEVOG
P(A'B"y=P(A")P(B")=0.35-0.20=0.07.

Hoapdaderyua 4.21: Evo. epyoatdaio Eyel 000 ypouues mopoywyns I'l ko 2. Xto tunuo.
TO10TIKOD EAEYYOV OTOV OLOTIGTWVETOL OTL EVO. TPOIOV EIVOL EAATTIMUATIKO KOTATACTETAL
o€ uio. oo ovo katnyopies El xor E2 avdldoya pe ) cofapotnta tov EA0TTOUOTOS KOl
KOTOYPAPETOL OO TOLO. VPO TOPOYDYNS TPOEPYETOL. LTOV TIVaKO. OV 0K0LovOel
paivetor g katavéuovar 1440 elattmuotixd mpoiovia atic 000 YPOUUES TOPAYW YIS
A ka B kou atig ovo katnyopies E1 kou E2.

'l I2 | 2vvolo
El 500 300 800
E2 400 240 640
2ovolo 900 540 | 1440

Ag Bewpnoovue to. evoeyoueva.

I'l: t0 mpoiov mpoépyeton amo ) ypouun mopoywyng I'l
172: 1o mpoiov mpoépyetar amod ) ypouun ropaywyng 12
El: to mpoiov avyxer otny katnyopio E1

E2: 1o mpoiov avyxer otny katnyopio E2

Ta evoeyduevo 12 kou E2 eivou apoye avelaptnto 1 eCoptnueva,
Me Bdon 1o otatiotikd opiopd e ThavOTNTOS £YOVLLE

P(I2)= % =0.3750, P(E2) = % =0.4444 xo1 P(I2E2) = % =0.1666

KoL ETEWON
P(I'2)P(E2)=0.3750-0.4444=0.1666 = P(I 2E?2),

ta 12 ko E2 glvan aveEdptnral.
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2nuciovon 4.5: Epocov ta evogyoueva 172 kor E2 eivor avelaptnto, unmws xou to I'l
ko El eivou ermions aveCaptnra, H omavinon eivar vou koi umopodue va 1o
TEKUNPIDOCODUE XWPIS VO, YpeLacbel vo. vTOLoYIoovUE TIC KOTOAANAES TOavOTHTEG AT
ta deoouéva tov mivaxa. Hopotnpeiote ot to I'l eivou 10 oouminpwuo tov I'2 (apod
éva elattouatio Tpoiov eite Oa mpoépyetor amwo ™ ypouun I'l gite amo wm 12) kot ot
0o El eivor 10 ovuminpouo tov E2 (apod éva elattwuotikd mpoiov eite Oa
kototaooetol oy kotnyopio. El eite atnv E2). Emouévag, ue faon v Ipotaon 4.4,
ta I'l kou E1 Qo eivar aveldptnto. ¢ T0. COUTANPOUOTO. TOV OVECOPTHTMDV EVOEYXOUEVDV
I2 xou E2. Avelaptnro Qo eivoun emiong kou to. 12, E1 alld kou to I'l, E2 Aoyw tng
Ipotaons 4.4 eriong. Onwg Oa dodue oe emduevn evotnto, n oveCoptnoio. avT@Y TV
fevywv  evogyouévawyv onuoivel (kol ovvemdyetar) Ot gival  aveCAPTHTA  TO
XOPAKTPICTIKA «YPOU] TOPAYOYHS OTO THY OTOIO. TPOLPYETAL TO TPOIOVH KOl
«KOTHYOPIO. TOV AVIKEL TO TPOIOVY. ZNUEIWVOVUE ETLONG OTL EVOG OLOLAOTATOS TIVOKOG
OGS 0 TOPATOV®, OTOV TO. OEOOUEVA TTIC GTHAES QPOPODY EVA. YOPOKTHPIOTIKO KOl T
0E0OUEVO, OTIC YPOUUES Eva. GAA0, ovoudletal mivakag covdpelas (contingency table).
210 B” Mépocg Bo. avapepBodue otovg mivokes avvapelas avalvTika.

Opiouos tng avelaptioios tprv evocgyouévav: Tpio evoeyouevo A, B xou I tov
oeryuatikod ywpov £ evOg TEPGUOTOS TOXNG Aéyoviar aveéaptyta 1 TEAEIWS
aveéapTnTa oy 16Y0DOVY 01 OYETEIS

P(AB) = P(A)P(B)

P(AIN)Y=P(A)P(I) (4.9)

P(BI')=P(B)P(I")
Kol

P(ABI')= P(A)P(B)P(I") (4.10).

[Mapamnpeiote 611, TapOTL 01 GLVOTKES (4.9) eacparilovv OTL Tpia evdeyoueva 4, B
kot I eglvar ave&aptnto avd O00, €VIOLTOL, OEV GPKOVV Y10, TOV OPIGHO NG
aveaptnoiog TpLdv evoeyopévmy. Arouteiton emmAgov kol (4.10).

Ykepbeite 6t av éva evdeyopevo 4 eivar aveEapmrto amd Eva evdeyoduevo B Kot
eniong amd €va egvdgyduevo I, avtd o onpaiver ot glvar aveEapmnto Kot amd v
tou tovg Bl (dec Aoxnon 4.26). Anlodn, eved 1 mpaypotomoinon tov B dev
emnpealel v mpaypotonoinon tov 4 kor emiong ovte M mTpaypoTonoinon tov I
ennpedlel v Tpaypatonoinon tov 4, EVIONTOLS, 1 TOVTOYPOVY] TPAYLUATOTOINGT TV
B xar I' pmopel va emmpedlet v mpaypotonoinomn tov A!!! Avtd de pmopei BEPara va
etvan emBounto yuo aveEdptnra evdeyoueva. IMati mpopavag, pe Baon to vonua g
avegapmnoiog 000 evdeyonévav, 1 Yevikevon g ywo tpia evoeyoueva, mpenet PEPara
va dtac@aAilel 6t n mpaypatomoinon omolovdnmote amd To TPio EVOEXOUEVA OEV
emnpedlet TG MOOVOTNTES TPAYLATOTOINGNS TV VIOAOITOV OAAL TTpémel emiong va
So@aMEL OTL KO 1 TPAYULOTOTOINGN 0TolmVONToTE 0V0 0md T TPio OV emnpedlet
TG mMOAVOTNTEG TPUYUATOTOINONG TOV VLIOAOIm®V. Aniadn, yw va givor Tpia
evogyoueva, éotw A, B, I, (tekeing) aveEapnta mpénet va gival aveEdptTnto apevog
ta A xou B, A kou I, B kou I, adAhG apetépov kou ta A kot BI, B kou AL, kon t€\og, To
I" kou AB. 'Etc1, mpokvmtel 1 avaykodtto Kot g (4.10) n omoia ekppdlel
devtepn opdda cvvinkadv (okeedeite yati) kot dev mpokvmTel and 11§ (4.9) (deg kou
Aoxnon 4.27).

Eniong, o0te n ocuvOfkn (4.10) apkel mopdtt amotedel enéktaon yio Tpia evoeyOpeEVa
¢ ovvOnkng avesaptnoiog (4.8) dvo evdoeyouévav yuotl o d1o@aAilel OTL 1GYVOLV
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oL (4.9) (oec Aoxnon 4.28). Emopévog, Otav eAéyyetor mn aveEaptnoio Tpuodv
EVOEYOUEVMV, TTPETEL VAL EAEYYOVTOL TOGO 01 (4.9) 600 ko (4.10).

Inueiwvoovpe emiong, OtL av yw Tpion evdogyopeva A, B kol ' 1KovomolovvTol ot
ovvOnkeg (4.9) tote Aépe 0TL avtd givar avelaptyta avd ovo M| katd {ebyn. And 6Ga
TPONYOVUEVIC  OVOPEPOLE, Elvonl TPoQavég OTL ota  avelaptnta  koto  (evyn
EVOEYOLEVA, 1] YVAOOT] Yol TNV TOLTOYPOVN TTpaypaTonoinotn 000 €& avtdv pmopel va
emnpedoel TV  TOAVOTNTO TPOYUATOTOINGNG TOV TPITOV VA OTA  (Tedsiwg)
avecaptnta oavTd 08 Pmopet vo cuUPEL.

Ag dovpe Tpa TS opiletar 1 aveEapmoio v > 2 gvoeyouEVOV.

Opiouos tns aveCaptnoios v =2 evogyouévov: Qo Aéue ot v =2 egvdegyouevo,
A, A4,,..., A, T00 deryuatikod ywpov L2 evog mEPGUOTOS TOXNS Eivar aveéapTnTa 1

tedelwg aveéapTnta oy yio 0moi100nmote avvolo k SeIikT@V i,i,,...,i, 0mo T0 GOVOAO

14

{1,2,...,v} 1oydet
P(AilAiz "'Aik):P(Ail )P(Aiz)"'P(Aik)-

Anlodn, Aépe OTL v >2 evOEXOUEVA TOL OELYLOTIKOD YOPOL €VOG TEPAUATOS TOYNG
etvan  avelopmpra M teleiwg aveCaptnrae ov M yvoon OTL  TPOYUOTOTOWONKE
TOVTOYPOVO, OTO0GONTOTE apldudg amd avtd, dev emnpedlel Tic mOavOTNTEG
TPOYUATOTOINONG TOV VIOAOITOV evdeyopévav. Avtd BéPata Exel g cvvémela va
av&avel paydaia pe To0 v 0 aplnodg Tmv cuVOINKOV Tov TPENEL Vo tkavorotovvat. [a
nopadetypa, ywoo v =4 avefdpmmro evdeyoueva, A,,A4,,4,,A4,, mpéner vo

1KOVOTIOLOVVTOL
4
5= 6 ouvBnkeg ™g popeng P(4,4;) = P(4,)P(4;)
4 . ,
3]~ 4 ovvbnfikeg g popefig P(4,4;4,) = P(4;,)P(4;)P(4,) xu
4 , : :
1 =1 ovvOnkn, n P(A4,4,4,4,)=P(A4,)P(A4,)P(4;)P(A,), mhoadn, GLuVOAKd

npémnel va, ikovorotovvtot 11 cuvOnkeg!

Fevikad, Yoo v > 2 gvdeydpeva mpémel vo, IKovomolo0vToL

1% v 1%
(2) + (3] +...+ ( ) =2"—v—1 ovvOnkeg (Oounbeite 10 OYETIKO TOPAIELYUO.
1%

EQPaPUOYNS TOD TOTOD TOL NebLTWVA TOV dWEOUE OTAV UIANGOUE VIO, TOVS OLWVOUIKODS
ovvteieotég). TIpopavadg o aplfpnodg autog eivat peydalog akOun Kot yuo pukpd v, m.y.
av v=>5 gvdgydueva, yio va ereyyBel av avtd sivor tedeiog aveEdptnta mpénet va
eheyyBovv 2° —5—-1=32-5-1=26 covOnxkec!

BéBaia, 0mmg e&nynoaype wponyovpéveg (Xyoio 4.3), oty mpaén avayvopilovpe kot
deyopaote TV aveEaptnoio EVOEYOUEVOV amd TIC GLVONKEG Kol TOVS TEPLOPIOUOVS
TOV TEWPAPATOG Kot €TGL, OV KAVOLUE EAEYYO TV GLVONKAOV aveEaptnoiog oAAL
avtifeTa TIC YPNOUOTOIOVUE YO VO VTTOAOYICOVUE TOAVOTNTEG TOUDMY EVOEYOUEVMDV
oV TOAVOV LaG EVOLUPEPOVV.
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Inueidvoope TEAOG, OTL €OKOAM TPOKLMTIEL, OmMwG otV Ilpdtacny 4.4, 611 TO
COUTANPOUATO V=2  aveEdptnTov evoEyouévav  elvar aveEdpnta 0TS Ko
OmOlOdNOTE k OO QUTA LE TO. GUUTANPOUATO TOV LIOAOW®V V —k givon emiong
ave&aptnra.

Hapaderyua 4.22: Mo oopaliotikn etaipeia, 6T0 TAOLOL0 HIOG TIAOTIKNG UEAETHS Yo,
TG UEALOVTIKES DITOYPEDOEIS THG 0 ATOLNUIDTELS OOPOALTTHPIV ovuforaiwv (wHg,
emélede TPEIS MEAATES OO TOVS OTOIOVS EVOG EIVOL KATOIKOG TOV AEKOVOTEIIOD ATTIKHCG,
&vag karoikog Oeaoolovikns koi o tpitog katoikos Pooov. Zoupwva ue tig extiunoeis
¢ etaupeiog, n mbavornta va. (Hoel ugypt to 2020 o mpartog extiuaror ion ue 0.6 ko
ovtiotorya 0.9 kor 0.3 o dedtepog kou o pitog. Tlowa eivou n mbavotnta, uEypt to TéAog
tov 2019 n etaupeio vo, Ipémel vo mAnpwoel omolnuiowon Aoyw Gavatov (axpifag) evog
OO TOVG TPEIS TEAGTEG.

Ag Bempnoovpe ta evogyoOuEVaL

Al: o kdroikog Attikng to 2019 (et

A2: o kdrowkog Ocoooltovikng 1o 2019 (e
A3: o karoikog Podov 1o 2019 (et

Zntape v TOaVOTNTO TOV EVOEYOLEVOL
E= (A1'A2A3) Y (A1A£A3) o (Al A2A3’)
10 omoio eivar Evaon EEveV avd S0 EVOEXOUEVAOV KoL ETOUEVOCS
P(E) = P(A;A2A3) + P(A1A£A3) + P(AlAzAzr.)
Emedn dev €yovpe kamolo Aoyo vo motevovpe 0Tt Ta evdexopeva A,, A, ko A, dev

etvar aveEapta kot €neldn ot TOAVOTNTES TOV TOUDV aveEAPTNTMV EVOEYOUEVOV

ekQpaloviot og yvopeva mhovoTnTmV, £XOVLE

P(E) = P(A))P(4,)P(4;) + P(4,)P(4;)P(4;) + P(4,)P(4,)P(4;) =
=04-09-03+0.6-0.1-03+0.6-0.9-0.7=0.504.

Hapddsyua 4.23: Eotw v 22 aveaptnro evogyoueva, A, A,,..., A,, To0 deryuatixod

xopov £ evog mepduoros toyns ue P(A4,)=p,, i=12,...,v. Oa vmoloyicovue
(ovvaptioel twv p,) v mbavotyta a) vo mpayuctomoinBody oia to. evoeyousva. A;,
i=12,...,v p) va mpoyuotorombei tovidyiorov éva omd to. A, i=1,2,...,v y) va

unv mpoyuaromoinfei kavéve aro to A, i=1,2,...,v.

a) Zntape v mbovotTo Tov evdeyopévov A A4, ...A,. Enedn, ta A4,,4,,...,4,
etvan aveapnra, £xovpe

P(A4A4,...A,)=P(4)P(4,)...P(4,)=p,p,...p, =] | ;-
i=1

B) Zntape v mbavotnta tov evdexopevov 4, U A4, U...U 4, . Enedn,
P4, VA, 0...0A4)=1-P[(4,wd4,U...04)]
Kol gniong emedn
A, VA,U...0A4)=A4/A4)...A  (De Morgan)
Exoovpe
P4, VA,U...0A4,)=1-P(A4/4,...4]).
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I'vopilovpe eniong, o6t ta evdgydpeva A,,4,,..., 4, elvor aveEdptnrta, emopévog

!

etvan aveEapmrta kar ta 4, 4,,..., A, apan ntoduevn mbavotnta givor
P4, vAd,u...04,)=1-P(4)P(4,)...P(4)=1-01-p)1-p,)...Ad-p, )=

=1-T]a-p)

Y) Zntape v mbavotnta tov evdeyopévov A/A)...A!, 1 100ddvopa,  TOL

evogyopévon (4, U 4, U...uU 4,)’, emopévmg Exovpe

Pl(4,vA4,U...0A4,)]=1-P(4, U4, u...uAV)zﬁ(l—pi).

i=l1

Hoapaderyua 4.24 (Zvvéyera tov Hapadesiypuatog 3.5): 210 diaypopyo wov axolovbkel,
QOIVETAL GYNUATIKG, TO GOOTHUO ANYHS OTOPAoHS 0 MI0. VEVIKN 01e0Bvvon €vog
0pPYOVIOUOD (TPOKEITAL YPLO. TUNUO. TOD OPYOVOYPOUUOTOS TOV 0pyaviauov). O yevikog
01evOVVTNG  eYKpiveEl o ELGNYNON EPOCOV CUUPMDVHOEL TOVAGYIOTOV LG OTO TIG
oevbovoeig 1, 2 kabag xar n dievBoveon 3 (mpokertar yio. w o1e0Bvven wov KoAVTTEL TO
OIKOVOUIKO KOOTOG TV glonynoemv). H mbovotyra va eykpiBel wio. eronynon oamo
oevbvvon 1 extyudror ion ue 0.7, amo  dicdBovan 2 ion pe 0.8 ko amo v diedGovon
3 ion ue 0.5. Hoio eivon n mBovotnto, va ykplBel amo 1o yeviko dicvboven n teievtaio
glonynon mwov kototédnke av eivar yvwotd Ot o1 Oievfivoeis Ttov  opyoviouod
omopaailovy aveCoptnto,

Ag opicovpe Ta evoeydpeva
2, noedboven i=1,2,3 ooppwvel
E: n etonynon eyxpiveral.
Zntape v mhoavotnTa TV gvdgyouévov E. [pogavacd,
E=2,02,)-2,

emopéveg yia T {nroduevn mbovotnta Exovpe

P(E):P[(Z1 UZz)'Z3]=P(21 UZz)P(Zs)
apov ta X, , 2, kou X etvon ave&dptnta kou enopévas Ba eivor aveghptnto Kot To
2, 02,) xau X, (degc Aoxnon 4.29).

Eniong,
P, uX)=1-P[(Z,v2,)]=1-P22)=1-P(2;)P2;)=1-0.3-02=0.94

emopéVms, 1 {nroduevn mhoavotnta eivor
PE)=PZ,02,)P(2,)=0.94-0.5=047.

Inuetdvovpe 0tt TNV mhovotnta Tov evogyopEvoy (2, U2 ,) UTOPOVGOUE VO TNV
vroAoyicovpe epappdlovtag angvbeiog To amotéAesLo

P4 ud,u..ud)=1-T]0-p)

i=1
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tov gpoTpatos (B) tov IHapadeiyuotog 4.23 M kot and ToV TOTO
P(Zl Uzz) =P(21) +P(22) _P(lez)-

Oa OLOKANPOGOLLLE TNV EVOTNTO QTN LE TNV EVVOLL TNG AVECAPTNOIAS TEIPAUATOV
KOl TOV exavalaufavouevwy avelaptntwv doxyuav. To avelaptnro melpauato Kol
EWIKOTEPO. Ol  emavaloufoviueves aveldptnteg doxyes, Ppiokovior 6tov muprva
TOAL®V TBavoDE®PNTIK®OV HOVTEA®V Kot (YU anTd) KaTtéYouv onuaviikn 0éon ot
Ocwpio [LiBavothTomv.

Apxetd melpapata, 6nmg o Exovue avapépet (deg Ilapaderyua 3.1(6)), pmopodv vo
BewpnBodv g cvvleta TEPALATO TOV OVAIADOVTAL GE V ETUEPOVS ATAOVGTEPA 1| OE
o oepd v emovaAlnyemv Tov 1iov telpduatoc. I'a tapdostypa, o meipapa «piyve
Eva. VOouIouo. 000 QopéES Kal aty ovvEXEla Evo, (Op1y TPOPOVMG givol évo melpoapa
ouvleto mov omoteAeitar omd Tpio amiovotepa mepduata. Emiong, to meipopa
«eléyyeron kabévo aro 10 mpoiovia yio vo domiotwOel oy givor EANTTOUATIKO 1§ OYI»
elvan emiong éva meipapo cdvleto to omoio avarvetoan oe 10 gmavarapPovopeves
EKTEAEGELC TOV 1010V TEWPAUATOC, «EAEYYETAL EVAL TEPOLOV OV EIVAL EAATTMWUATIKO 1 OYLY.

Hoapdoeiyua 4.25: 'Ecto 10 TEelpopo £:«piyvw évo vouiouo 600 Qopés kol ot
ovvéyeio Evo, {apry. TIpoeoavmg To Telpapo anTd avaADETOL OTO TEWPEALOTOL
&, 1 «piyvew éva vouiouay e OEYHOTIKO ympo Q, =1{x, 7},

&, 1 «piyva &va vouiauoy pe detypatikd yopo Q, = {x, y} kot

&, 1 «plyve éva apiy ne derypatcd xopo Q, ={1,2,3,4,5,6} .

O derypatikdg xdpog Q T0v (GVVOETOV) TTEWPANATOG &, TPOPUVDSG OTOTEAEITOL OO
OAEC TIG OVVOTEG SATETAYUEVEG TPUIOES &, &5, OTOV «; €{Kk, ¥y} Y =12 Kou
a; €{1,2,3,4,5,6}, onkaodn), Q=0Q,xQ, xQ, . IIpdketton yio mewepaopévo Serypotiko
xopo pe N(Q) =24 (oxepbeite yati). [paypart,

Q= {xxl, kx2, kK3, kx4, kx5, kK6, kY1, ky2, kY3, k4, kY5, kY6, yx1, y2, yx3, 4, yk5,
yk6, 77l 772, 773, 74, 775, 176}
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‘Etol, av Bewpricovpe tpla evdeyodpeva 4, < Q,, 4, cQ, ku 4, < Q;, éc10 Yo

nopadetypa, to 4, ={x}, 4, ={y} ko A, ={1,3,5} 161 A A, 4, ={xyl,xy3,xy5}.

Etvon mpogavég o6tt 10 evdeyduevo A4,4,A4, tov Q=Q xQ, xQQ; mpayuatonoteiton
otav, katd TNV eKTEAEON TOL TEWPAHOTOS &, EREOVICOEl «KEQAAT», KoTd TNV
EKTEAECT] TOV TEPAUOTOC &, €UPavicOel «yplpupato» Kol Katd v eKTEAEGT TOV
TEWPAPTOS &; eppavicOel meptrtog apiudc. Me v mapadoyr| 0Tt T0 VOUGHO Kot TO

Capt  eivor  apepOANTTO.  TPOPOVAS  EXOVHE P(A1A2A3):%: , P(4)=—,

1

8
1 3 1

P(4,)=— xor P(4,)=—=—.

(4,) 5 (4;) 6>

[Mapatmmpeiote o0tt Yoo 1o 4, ={x}, A4,={y} xau A;={1,3,5} n oyéon

P(A,4,A4;)=P(A,)P(4,)P(A4;) enoinBedetan. Evkora emiong pumopeite va deilete

ot M ovvOnkn aveEaptnoiog emainBedetal Yo onowdnmote gvdeyopeva tov Q,, Q,

ko Q.. To 011 t00 &, &, KOl &, eivar aveEdpnta, givor BEPata TpoPaveg apod M

éxPoon omolovdnmote amd avtd N N £KPacn omolwvormote 6VO amd AVTA OV Elvan

Aoyuco va dgyBovpe 0Tt emnpedlel v ékPaon TV VTOAOIT®V.

2nucioon 4.6: Xe mpokxtikéS epopuoyés, v oveaptnaio. mEpoudTwyv ooviBws v
eAéyyovue ue v elétaon koi tov EAEyYo TV oLVONKOV KATW amo TIC OTOIES AVTA
extelodvrar. Avto pag oiver ™) dLVATOTHTA, OTOY OLOTLGTWOVOVUE OTL TO. TELPOLUOTO, EIVAL
ovelaptnTa, Vo, UropovuE Vo, aL10TOLOVUE (Y10, TOV DTOAOYIoUO TIOOVOTHTWV) TH aYéon
P(A4,A4,...4,)=P(A4)P(4,)...P(4,).

Bépoua, o éleyyog vmobéoewv Kau mopadoymv, OTwS avTOS THS AVECOPTNTIOG, ATOTEAEL
onws Bo dodue oto B’ Mépog, avtikeiuevo e oTOTIOTIKNG GOUTEPOUCUATOLOYIOG.
2NUEIOVODUE ETIONG, OTL OEV YPAPOVIOL OAO. TO. EVOEYOUEVO. TOV OELYUATIKOD YWDPOD
QxQ, x...xQ, wg kopteaiova ywviueva. Lo 10 mag vroloyilovues mbovotnteg

TETOLMV EVOEYOUEVWY OTtWS Kol Yo dila Béuata mov tifeviar  yio TOUS «YWPOVG-
yvouevay oe Ga emextabove.

Edv ta v mepduato ota omoia avaiveton éva oOvOeto melpopa givarl aveEaptnteg
EMOVOANYELG TOV 1iov TEPapatog T0Te Aéue OTL T0 Telpapo omotereital omd v
avelapTntes ookiués N OTL TPOKELTOL YO uioe GEPA 1 akxolovbia v aveldpTnTwv
OOKIUMY N Y10 V EXAVILOUPAVOUEVES aveéapTnTeS Ookiués (repeated independent
trials).

Onwg avaeépape omnv mponyovuevn evomta (deg lopaoeiyua 3.1(0)&(5)), éva
nelpopa TOYMG pe 000 povo dvvatd amoteréopato (OpOPaing OTOKAEIOUEVQ)
ovopdleton dokiun Bernoulli. To évo amotédlecpa €xel emkpatioel vo. ovoudleTot
«emitoyioy Kol 10 GANO «amotvyion. Etol, ov éva meipopa avoldetar 68 v S100YIKES
avelapTNTES EMAVOAYELS EVOC TEPAUATOG PE dVO UOVO dLVOTE OTOTEAEGHOTO, AELE
otL T0 Telpapa amoteeitor and v avelapTntes dokués Bernoulli 1) and (o oeipd M
akolovlio v avelaptntwv odokxwuwv Bernoulli. Tho mopdderypo, n pnym evog
vopicpatog 10 @opég eivar éva tuyaio meipopo mov avordeton o 10 aveloptyres
ookiuég Bernoulli.
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Av ovpfolicovuc e « €» TO OWOTEAEOUO. ETITUYION KOI UE « O » TO OTOTEAECUO.
«omotvyioy pag dokiuns Bernoulli, eivor mpopavés (deg kou Hopaderyuo 3.1(5)), ot ta
OTOLYELO. TOD OELYUOTIKOD XWPOV EVOS TEWPGUOTOS TOV OTOTEAEITOL OO V OVECOPTNTES
ookiuég Bernoulli, eivar d1otetayuéves v-60eg amd «EmMTOYIESH KO KOTOTOXIESH ONAOON

EYOVV TN UOPPN AEEAE ... E0E .
%,—/
v 1o mlij@os

>m ovvéyela, Otav  Bo pinoovpe vy Kotavopés tuyoimv  petapintov, o
JMGTMOGOVUE OTL Ol Jd1adoyikes avelaptntes ookiués Bernoulli  gpeavifovtol oty
TEPLYPOPY] KO TNV KOTOOKELT] TOAA®V HOVIEA®V TOAVOTHTOV HE EVPVTATO PAGLLA
epappoyadv. IIpog to mapov, ag dovUE [ EVOIUPEPOVGA TPATUGT WOLULTEPMOS YPNOLUN
Yl TN GLVEYEL, OTay o LIANGOVUE Y10 LOVTEAQ TOAVOTTOV.

Ilpotacn 4.5: Av éva meipoua toyng amoteleiton amo v avecaptnres doxyues Bernoulli
omov n mboavotyro emtvyiog oe kabe o doxyn givou ion ue p, tote N TOovotnTa, oTIc
V OOKIUEG,

a) vo. gupovia@odv v «emitoyiecy sivar ion ue p"

B) va unv supoviobei «emitvyion oe kouia dokun eivar ion ue (1— p)"

) va gupoviobel tovldyiorov o «emrvyioy ivor ion ue 1—(1— p)”

1%
0) vo. upavicBody akpifiag r «emiToyiesy ivar ion ue [ ] p (-p) .
r

‘Eoto to evdeydpeva 4, : oy i doxun supovifeton «emtvyioy, i=1,2,...,v.
a) Zntape v mhavotta tov evoeyopévov 4,4, ... A, . And v avelapoia Tov
SOKIUDV TPOPAVAS EYOVLLE
P(A,A4,...A)=P(A4)P(4,)...P(4))=p-p-...-.p=p".

B) Zntaue v mbavotTo Tov evdeyopuévovr A A, ... A . And v aveiopmoia Tmv
SOKIUDY TPOPAVMDG EYOVLLE

P(A{4} ... A,) = P(A)P(43)...P(A)) = (1= p)- (1= p)-...- (1= p) = (1- p)".
Y) Zntdue v mOovOTNTO TOL GUUTANPOUOTOS TOV evdeyopévov A/A; ... A
emopévag n {ntovuevn mhovotta Tpopavag eivor pe 1—(1— p)”.
d) O derypotikdg YOPOS Tov TEPANLATOG amoTereital Omw¢ ldope amd doTETOYUEVES
V-00€g TNG LOPPTS agfieai;;iag.
Zntape v mOOvOTNTO TOV EVOEYOUEVOL TOV OMOTEAEITOL OmO €KEVES TIC
SWTETAYUEVEG V-AdEC OTNG TNG LOPPNGC, TTOV TEPLEYOVV 7 (aKpIPdC) To TAN00G « & »
Kot v — 7 10 TA00G « o ».

Onwg deiEape oto Hopaderyua 3.1(9), 10 TANOOG OLTOV TOV SIUTETAYUEVOV V-GV

V!

etvar . Anhadn|, 0 evoegyOuevo tov omoiov {ntaue v mlavoTnTA

rt(v —r)! A

1
amoteieiton amd ( j v-adeg oL ePEYoLV 7 (axpipmg) To TAN00C « & » Kol vV —r TO

r
mmboc «a ». H mbBoavomta eppdviong kabe piag té€tolag v-adog givatl, Adym g
aveEapmoiag Tov JdoKlu®v, mpoeovag ion pe p (1—p)"™" ko emopéveg 1
{nrovpevn mbavotnta eivon Tpdypatt ion pe
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1%
( Jp’(l—p)”-
r

OLOKANP®VOLUE PE oL AKOUN KOTNYOPio TEPAUATOV TOV, OT®S Oa S10mIGTOCOVLE
oto B" Mépog, ocvvavtdtor oe peydio odacpo espapuoymv. Ilpdkertar yuoo Tig
TOIVVOUIKES Ookuués (multinomial trials).

H odoxy Bernoulli, 6nmg €idape, sivor éva meipapo pe 6060 povo (aporfaing
AmOKAEONEVA) OVVATO OMOTEAECUOTO, & Kol « («emruyion Kol «omotvyion,
avtiotoyya). Av éva meipapo et k£ (opofoing amokAeldueva) duvotd
AmOTEAEGHOTAL, F,,7,,..., 7, , OVOUALETON TOAD@WVOUIKY doKIu].

Eivat mpo@avég 6t 1) ToAV®OVLLUIKT SOKIUT OTOTEAEL YEVIKELGN, LOAGTO TPOPOVN Kol
e0AOY™, ™G dokiung Bernoulli (o dokiun Bernoulli etvon pno molowvouikn doxyun pe
k =2 duvatd anotedéopota). ‘Etol, eved yuo mapdaderypa, n eEétaocn evog atopov yio
va dmotmBel av éxel M dev €xel mpooPAndel and €va cvykekplyévo 10 eivor pa
ookiun Bernoulli, 1 e€€taom evoc atdépov yo va damotmdel n opdda aipatodg tov,
etvar (o modvwvouixy douixn pe k=4 odvvard anotedéopato (A, B, AB kot O).
Eniong, n vmofoAn epdtnong o€ £va ATOHO Y10 TO 0V CLUPMOVEL, O10POVEL 1] TO OPNVEL
ad1POPO O CLYKEKPIUEVT dmoyn, eival pa moivwvouixn doxyun pe k=3 dvvotd
ATOTEAECUATO OTTMOG KOL 0 EAEYYOC EVOC EAATTOUATIKOD TPOTOVTOG Yl Vo, dtomiotmOel
oo mowo amd TIC MEVTE YPOUUES TOPAY®YNG TapnyxOn eitvan (o Tolvwvouixy dokiun
pe k =5 duvatd amoteAéopata.

Ilpotacny 4.6: Av éva meipouo toxNG OTOTELEITOL OO V QVECAPTHTES TOAVWVOUIKES
ooKuég, Omov oe k&b dokiun o dvvara amoteAéoota ivor k, E0Tw 1, 1y,... 1, , Kol 1]
mbovotnro vo. supaviolel o amotéieoua r, o€ pio. (0moi0onToTE) dokiu givor p.,
tote n mbovotnro, oric vV O0OKWES, vao gupavicfody v, amotehéopoTo 1, V,
amoteAéopaTa 7, , ... Kol Vv, omoteAécuato 7, givor ion pe

12!

Vi V2 Vi
Dby Py ---DPi s
v,lv,hoov, !

k k
OOV, TPOPAVAG, Zvi =V Ko Zpl. =1.
i=1 i=1
Onwg Bo dwmotdoovpe otn cuvéyela, 0tav Bo LWANGOVUE Y10, TOVG GTATIGTIKOVG

gléyyoug X7, mpokettal yia éva moAd yprioo amotéhespa. Tnv omddein deite v
®¢ po amh doknor (amotedel moAv amAr) (evbeia) yevikevon g amddeENg ™G
Ilpotaong 4.5 (0)).
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YXTOIXEIA OEQPIAY NIIGANOTHTQN

Boowéc 'Evvoreg kan Tomor

Heipapa ToyMs - H évvown
TOV TLYCI0V

Ot cvvOnkeg KaT® amd TIC omoieg exteleitanl éva melpapa TOMG dev
rkaBopilovv 10 amotéheopa pe Phon v apyn ™S atdmtoc. To
amotélecpo anodidetal oty Thyy. H évvola tov toyaiov cuvdéeton
LE TO TOAVGUVOETO KOl TO TTEPIOPIGUEVO TG YVADOTG TOV OUTIOV TOV
pokoAoOV to amotédecpa. To yopokTNploTIKO €VOG TEPANATOC
TOYNG €lvar 0T, OE [0 EKTEAECT] TOV, OV PUTOPOVLLE VA TPOPAEYOLLLE
pe pefardtra 10 anotéhecpa mov o epepavicel. Mmopovpe dpwg
Vo KOToypayovue OA 10 SLUVATE amoTEAEGUATE TOL.

Evogyépeva 4, B, ...
(amha, odvOeta)

Yrnoobvola Tov detypatikoh ydpov. Xe o exTéAeon  €vog
TEWPALOTOG TOYMG, v evdeyOlevo mpaypatomoteital (speavifetar)
0TV TO AMOTEAECLLO TOV TTEPALOTOG Eival GTOLYEID TOV.

Béparo evogydpevo

Q| Mpaypatomoteiton mévTo.

AdVOvaTo evogyOpevo

&, Aev mpaypotonoleitan TOTE.

To gvogyopevo A
GUVETTAYETUL TO EVOEYOUEVO

B, Ac B

Orav mpaypatonoteitat 1o A4 TpaypoTomoteitot Kot to B.

Toa evdeyépeva A = B

Otav mpaypatomoteiton 10 4 mpaypotomoleiton Kot t0 B w0
OVTIOTPOQG.

Topn evéeyopévov AN B

Ipaypartonoteital dtov mpoypatomomel kot to 4 Kot 10 B.

W AB

"Evoon evogyopévav paypatonoteitar 6tov mpaypatonombel 1 1o 4 7 10 B (| kot ta
AUB dv0), | aAALDG, OTaV Tpaypatonowmfel TovAdyioTov éva ond ta 4, B.
Topumpopa  evdgyopévou | Ilpayuatomoteitar 6tav dev mpayporomomdei o A.

A'q A°

Zéva gvogyopeva 4, B

Evdexopevo ta omolo dev €yovv KOowd OdetypoTikd  ompeio
(AB =) § oludg, 1 Tpoypotomoinon Tov evog amokAsicl v
TPOYUOTOTOINGN TOVL GAAOL.

Avagopd A— Bn AB'

[payparomoteitat dtav mpaypatomombel to 4 oA 6yt T0 B.

TUPPETPIKY] OL0QOpPa

[paypartomoteitat 6tav mpaypatomombel akpiog éva and ta 4, B.

AAB = AB' U BA'
(Av B)’ [paypatomoteital dtav_dev mpaypatomoteitol ovte T0 A 0vte T0 B.
(4 B)' Ipaypatonoteital 0tov and to 4, B npaypotoroindei to wodd éva.

Iowtntes TV Tpdiemv
peTalv gvogyopévav

AUD=A, A=

AUVA=A, AA=A

AuQ=0Q, AQ=4

AUA =Q, A4 =D, (A) =4, Q' =0, T'=0Q
AUB=BUA, AB = BA

Av(BuUIl)=(AuB)uTl, ABI)=(4AB)I

AU(BI) =(AUBYAUT), ABUT)=(AB) U (Al)

Av AcC B t6te AB=A, AUB=Bxuuw A—B=AB' =
(AUB) =A'B', (AB)'=A"UB’

Kloowdg opropdg g
mOavoTnTOg
(Laplace, 1812)

Av o Q sivar memepacpévoc kot OAa To oAl evOEOUEVE TOV Efvon
wonifova, tote

A Bog oroydwv tov A

Py = YA smuadh, pay -
N(Q) A Bog orotygwv tov Q

ZTOTIGTIKOG OPIGROG TG
mOavoOTNTOS
(Richard von Mises, 1919)

. 14
P(A)= lim _A, omov vV, o oplOpds epeavicewv Tov
Vv—o+o Y

EVOEYOUEVOL A GE V' EMOVOANYELG TOV TEIPAUATOS

ALopoTikoc opiopdg g
mOavétTnrog
(Kolmogorov, 1933)

1. P(A)>0, V evdexopevo 4 tov 2.
2. PQ)=1
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3. P(A4,VA,0..)=P(A4)+P(4,)+....,1a 4, 4,,... E&va ava
dvo evdgydpeva.

AALES 1O10TNTES TNG
mOavotnTog
(TpoKDOTTOVY OO TO. TPLOL
ol1ouoza)

() P(D)=0

B) P(4, A, ..UA)=P(4)+P(4,)+..+ P(4,)
na A, 4,,

0 Av A=1a,, a,,...}, w6, P(A)=P({a,})+ P({a,})+...

(6) P(A)<1

(e) P(A)=1-P(A)

(0t) P(AB")= P(A)— P(AB)

(Q) Av A < B wéte P(A) < P(B)

() P(AV B) = P(A)+ P(B)— P(A4B)

(6) P(Aw B)< P(A)+ P(B), yio omoradnmote evoeyousvo A, B

(WYP(A, WA, .. UA)SP(A4)+P(4,)+..+ P(4,)

, A

ey A, Evaavé 600 evieyoueva.

Y10 omo100NTOTE V EVOEYOUEVD, A, A,, ...

14

Agopgopévn mOavotTnTa TOL _ P(4B) Snk

A 500vtoc Tov B P(A|B) = 25 P(B)>0 (BnA. P(B)#0)
I816tnTES TG dEGpELNEVNG 1. P(4|B)=0

mOavotnTog 2. P(Q|B)=1

3. P(4,Ud, U...|B)=P(A, | B)+P(4, | B)+...

no A, A,,...Eéva avé 6o eveydueva.

AMLES 1WO1OTNTES TNG
dgopevpévng mhavoTNTAG

P(J|B)=0

P(A'|B)=1-P(A|B)

P(AT"| B) = P(A| B)— P(AT | B)

Av I c A4 t6te P(T'|B)< P(A|B)

P(AUT |B)=P(A|B)+ P(I'| By— P(AT" | B)
Otav B 4 161€ P(A|B)=1.

Hollamrhaocra6TIKOG TUTOGS

P(AB)=P(A4)-P(B| A)=P(B)-P(A|B) ov P(4)>0,
Fevikotepa: av P(A4,4,...4,_,) >0,
P(4,4,..4,)=P(A,)-P(A4, | 4,))..P(4, | 4,4,...4,_,)

P(B)>0.

Oecdpnpo olkig
mOavotnTog

Av (B, B,,..B,} o dlauépion Tov Q pe P(B,))>0,i=12,.,v,
018

P(4) = P(A|B,)P(B,)) + P(4| B,)P(B,) +...+ P(4| B,)P(B,)

Tomog Tov Bayes

Av (B, B,,..B,} ma dapépon tov Q pe P(B;)>0,i=12,..,v,
to1E
P(A|B,)P(B.
P(B, | 4)= (4] B,)P( ,)’
P(4)

omov P(A) vroroyiletar amd to Osdpnpa ohikrg Thavotag.

i=12,...,v

AveEaptnta evogyopeva 4, B

P(AB)= P(A)P(B).
Av 4, B ave&apmra kon P(A) >0, P(B) > 0 101¢
P(A| B) = P(4) xot P(B| A) = P(B)

E&aptnpéva evoeydpeva 4,B

P(AB) # P(A)P(B)

AveEaptnTa evogyopeva 4,
B I

P(AB) = P(A)P(B), P(AT) = P(A)P(I)
P(BT') = P(B)P(I') ka1 P(ABT) = P(A)P(B)P(I)

Aveoptnoio ko
CUUTANPOUATIKE
gvogyopeva

Av A4, B aveEaptnra 101¢ givar aveaptnrta kot to {evyn
o)A, B" p)A B y) A, B’
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Xyéoerg petolo Av 4, B E&va (ue P(4) >0 ko1 P(B)>0) t0t8: P(A|B) =0 # P(A)
ay%édpmmv Kat peTaly kol P(B| A) =0 # P(B) ovvenng to 4, B eivon e€aptnuéva.
SEvOV EVBELOREVEY Av A, B &vat6te: P(AB) = 0xor P(A U B) = P(A) + P(B).

Av A4, B avegaptnta tote: P(AB) = P(A)P(B) xo

P(A4U B)=P(A)+ P(B)— P(A)P(B)

130
Tewmoviko Havemoariuio AOnvav/T Tlaradorovios (www.aua.gr/gpapadopoulos)




Aeouevuévy Ihibavotnta — AveCaptnoio. Evosyousvav

Ilpofinuara kou Ackijceis

1 'Eotow A kot B dvo evdgyopeva evog detypatikov yopov Q pe P(B)>0 ko
P(AB")=0.3, P[(AuB)'1=0.2 xau P(AB)=0.1. Na vroloyiobei | deougvpévn
mbavotta P(A|B).

2 T'vopifovpe 6t 10 8% tv gpyalopévov o pa etotpeio etvor avatepa oTeAEM.
Eniong yvopilovpe 6t 10 30% t0v epyalopévev oty etatpeio givar yovaikes kot
otL 10 1.5% tov epyalopévav eivar yovaikeg avotepo otedéyn. Meta&d tov
epyalopévav vapyel n evtdTwon 6Tt 6to BEpa TG enayyeALATIKNG eEEMENG TOVG
VIapyeL odkplon €15 Papog tv yovawkov. Tr Aéte, sivor PBdoyn avty n
EVIVTOOT;

3 M kédAnn mepiéyet Eva povpo kat Eva dompo pmaraxt. EEdyovpe toyaio éva. Av
glvar  dompo 10 emavatomobetobpe oV KAATM. Av  elvar  povpo 10
enavatomofetovpe otnv KAAT poli pe dAlo dvo emiong podpo praAdKio. Xt
ouvéyela e&ayovpe éva 0evTepo pmardkt. Tlow elvar n mBavétTa Ko ot 6Ho
eCaywyég va e€ayBel povpo purardi,

4  Zovéyewn tov TpopAnpartog 3.11: a) And to {da mov Egovv TpooPAndel amd pio
TovAd IoTOV 060EvVELD OO TOG0GTO £xel TPosPAnbdel kot amd T1g 6vo; B) Amd Ta
{oa mov dev €yovv mpooPAndel amd TV 0acbéveln A TO0 TOGOOTO EYEL
npocPAndel and v acbévela B;

5 2vvéyela tov TpoPfiquatog 3.12: a) Av dwumotwdel 6TL éva {do eivon vylég mota
etvar ) mBavéTTa va gival apoevikd kot ot va givar Onivko; B) Iloo mocootd
TV appootov (dov eivar apoevikd; v) Na ehéylete av woyder n 166tTO
P(B|A)=1-P(B| A).

6 To 10% evdg minBuopov eivar dvepyor. Emiong, to 8% tov mAnBucpov eivon
yovaikeg avepyes. Av emdéEovpe otnv Toyn (amd Tov TAnBvoud avtd) Eva ATopo
Kol OomIGTAOCOVE OTL Eivat Avepyog, oo ivar n mBavoTNTA Vo €lval o) yovaiko
B) avopoc.

7  Ze o yopo, n mlavotta vo (Roetl évag avopag TovAdyiotov 70 xpovia eivon
0.85, evd m mBavommta vo (noet tovidyiotov 75 ypdvie eivar 0.80. Av
dwAé€ovpe toyaio €vav 70-ypovo dvipa amd TN YOPO OLTH, MOl givol 1M
mBavotnto va {Noet Tovddyiotov dAra 5 ypovia.

8 To oiknqupa Tov QUAoKiopévov: DvAakicpévog mov €xel vmoPdiet poalli pe
GAAOVG OVO GLYKPOTOVUEVOLS TOV OUTNOT| OTOVOUNG XAPLTOC, TANPOPOPEITUL OO
éva. @iAo 0V PPoVPO OTL VO ATd TOVG TPELG TPOKELTOL VO OTTOPLANKIGOOVV.
Eneidn o ppovpdg de BEAEL va amokaAOWEL GTOV PLAOKICUEVO OV 0WTOG givol O
évag amd Tovg dVO MOV ATOPLAAKILOVTOL, O PLAOKICUEVOS CKEMTETOL VO TOV
{nmogt vo. ToL amOKOAVWEL TOOC omd TOvg GAAoOVG OV0 mpodkelTal va
amopuAakictel. Opmg d1otalet yoti okéntetan OTL e TV OTAVINGT TOL EPOVPOV
HeWmvETAL 1 TOAVOTNTA amOoPLAGKICNG Tov amd 2/3 g 1/2. Eivou ot diotaypol Tov
(QULAOKIGHEVOL OTKOOAOYNUEVOL;

9 Evog @ountg mpémel 6To e£AUNVO TOL (OITA Vo EMAEEEL G LAOM U ETAOYNAG
Xnuela 1 Bliodoyla. Av emAéler Xnpela, exktipndel 0Tt n mBavotnTa vo tepdoet
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etvan 1/2 evd av emdéEel Blohoyia exktipdetl 6t n mbavotta va mepdoet givon 2/3.
[Towr eivor n mBavoTTO 0 POITNTNG, OTO EEAUNVO TTOL POITA, VO TEPAGEL TN
Bioloyia;

10 Ze éva aypoktnpa veapyovv 10 kovvéla omd Ta omoia ta 3 glvan OnAvkd. ' tov
Eleyyo Tov TANOLGHOD TOV KOVVEMOV KPIONKE GKOTO Vo amopakpuvOoLy 600
arnd to Onivkd. ‘Etol omnke pia mayida 6mov midvoviav ta KovvéAd To €val
netd to dAlo £mg 6tov macTovv 2 OnAvkad. Iowa sivor  mbavotTa va cvpPel
vt OTOY MOGTEL TO TETAPTO OTN GEPE KOLVELL,

11 And entd Opota kAeWd €va povo avoiyel puo KAewopld. Aokipdlovpe yopic
emovaBeon €va-éva ta KAWL péxpt M kAewopld vo avoi&el. Ilow eivor 1
mhavotTa Vo avoi&el  kKhewapld oty tpitn dokun; ['evikdtepa oty Kk doKun;
xk=12,..7).

12 Xe wo moptido v mpoidvtwv vapyovv a elattouatikd. EmAéyovue toyaio 6vo
amd oVTA TO TPOIOVTO TO €vo HETE TO GALO KOl Yopig emavabeon Kol £6T® TO
evoeyOpevo 4,1 to mpoiov i eivou elottwuotiko, i=1,2. No amodeiete 0T

P(4,)=P,)=alv.

13 Tlohhamhég YPOUPES TOPOYOYNS: & Vo EPYOCTAGLO  VIAPYOLV  TPELS
SLPOPETIKEG YPOUUES TTApOy®YNG oTIS omoieg Kataokevaletar to 40%, 35% ot
25% tov mpoidviwv tov gpyoctaciov avtictorya. To 2% twv mpoidviwv tng
TPAOTNG YPOUUNG ElvOl EAATTOUOTIKA, EVO TO. OVTICTOL(O TOGOCTA Yo TG GAAES
dvo ypappés etvan 3% war 5%. To wpoidvia TV TPUOV YPAUUDV TOPUY®YNG
AVOULYVOOVTOL OMIOVPYDOVTAG Ui eViaio. e Kol 6T GLVEXELN TPOOovVTOL
OTO TUNLO TOLOTIKOD EAEYYOV. 0) XTO TUNLO TOLOTIKOV EAEYYOL EMAEYETOAL TUY OO
éva mpoiov. Tlown givar n mbavotta 10 TPOIdv avTd Vo gival EAATTOUATIKO; )
270 TUNO TOLOTIKOV EAEYYOL EMAEYETAL TV VO TPOTOV KOt SAMIGTAOVETOL OTL
etvan eEhottopotico. IMowa givar n mBavotnTo T0 TPOIOY VTO VO TPOEPYETOL ATO
™V TpATN Ypapu mapaywyns; Epunvevote 1ig mbavdtreg mov voAoyicote oo
a) kot B) pe 6povg TocooT®V (INAadT Tt EKPPALEL ®G TOG0GTO N KABE TOAVOTNTA
Kol €71 TO10V GLVOAOV).

14 Awyvootikd teot: To 2% evog minBuopod mhoyer and AIDS. H e&étaom mov
epappoletat yio T ddyveoon g achévelag divel cwoty ddyvaon oto 90% tmv
nepmTOcE®V, O0tav 10 gEgtalopevo dropo maoyel and AIDS, kot oto 95% twv
nepmtcewv Otav dev mhoyelt amd AIDS. Emidéystoan éva dtopo amd Tov
minboopd avtd ommv ToYN kot vroPdrieton otnv e€étaom. a) Ilow eivor m
mBavotnto 1 e&étaon va Pyet Betikn, OnAaodn va deiget 6t mhoyel and AIDS. B)
[Tow etvan n mBavotta AavOBacuévng dtdyvoong v) Iow givar n mbBavotta va
ndoyel mpaypatt and AIDS éva drtopo ywo to omoio M e&€taon Mrav Oetikn O)
[Tow eivor 1 mBavoT T va eivon vy€g éva dtopo yio To omoio n eE€tacn NTav
OeTikn).

15 Awyvootikd teot: 'Evog yiotpog axorovbel v e&ng moAttiky|. YnoBdArer Tovg
acBeveig TOL 6 oL OEPA APYIKDOV EEETACEMV CYETIKAOV UE TNV AGHEVELL TOVG Kot
av PETd Ta amoTteAEsHATO TOV eEETACEMV ival TOVAAYIoTOV Katd 85% PEParog
OTL 0 acbevng mhoyEL, GLVICTA YEWPOLPYIKN eméuPacn. Xe avtifetn mepimtoon
OLGTNVEL TPOGHETEC ENMIVVEG Kol ToAVdATaveS eEgTdoels. Ag Bewpnoovpe Evav
acBevi] Yo Tov omoio 0 ylTpog, HETA amd KA e&étaom, sivor katd 70%
BéParog 6T 0 asBevic Taoyel and cuykekpévn achévela Kol GUVIGTA Vo Yivouy
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ot apyikég e€eTAoELS, 01 omoieg Kavouv opdn dudyvwon g acBévelag mavtote. To
amoTéAECO TV EEETAGE®V glvorl BETIKO KO O YTPOG Elvar £TOYLOC VO GLGTHCEL
gyyeipion 6tav yo. TpAOTN Gopd 0 acOeViG TOV TANPOPOpPEL OTL givarl d1ofnTikoS.
H minpogopia avt mepimiékel ta mpdypoto yoti mopdtt dev uetafdrietor m
apyIKn exTiunon Tov Yywtpov va mhoyert o acBevig (70%), etvon evreddg
Swpopetikn 1M aflohdynon mov TPEMEL Vo YiVEL OTO  OMOTEAEGUO  T®V
dwyvootikov eéetdoemv. O Adyog otov omoio opeiletar avtd eivar 6tL, EVd 01
e€etdoelg o€ dtvouv moté OeTikd amoTéAecUa Yo ATOUA TTOV OEV TAGYOVV OO TNV
acBéveln, yoo dwfntikd dropa, vmapyer 25% mBovotnTo vo ddcovv OeTiKd
OTOTEAECLO, EVAD OEV TAGYOLVV OO TN GULYKEKPIUEVT] ACOEVEID. ZVVEKTILMOVTOG
oA OVTA TO GTOLYELD, TL ATOPOCT) TPETEL VAL TTAPEL O Y1UTPOG, TPOGheTEG e€eTATEL
1 eyxeipion;

16 AwoyvooTikd Te6T: ATO PEAETEG IOV £Yvay O€ Lo XOPO, OOmIoTOONKE OTL TO
TOGOGTO TMV YUVOIKAOV TOV TAGYOLV 0t Kapkivo tng puntpag sivat 1%, . Evo amo
To TAEOV ONUOPIAY TECT Yo TN d1dyvmon g achévelag, to teot [lamavikordov,
K@vel opOn duryvoon pe mbavommrta 98%. a) Av pa yovaiko ovthig e YOpoS
voPAnOel oto te0T Ko Pyel Betikd, mowa givor M mOavoOTHTO M Yuvaika va ExE
npaypatt koapkivo e ptpoc. Eivar ducororoynuévog o vrepPoicog eopog g
Kuplag HeTd T0 amotéleoua Tov te0T; Emiong, oyoldote v vynAn «okpifeto
(98%) tov teot og oyfom pe TV TN ™G TBavoTTeg Tov vroioyicate. ) To
EVOEYOUEVO TO TEOT Vo, Pyel OeTikd Kot to evoegyopevo n e&etaldpevn yovaiko va
Exel TpAypatt Kapkivo e untpag eivan aveEdpmmra 1 eEapmmuéva;

17 Epotmiceig morlhoming emhoyng: Xe (o eEEToon 6100vTol TEGGEPIS AMAVTGELS
oe k6B epdTON Kot 6T ivar povo pia and Tig 1éooepts. H mbavommra va
yvopiler o efetaldopevog v amdvrnon pog epotong etvar 80%. Xtig
TeEPMTOGES oV 0 e€etaldpuevog dev yvopilel v amdvinon o€ pid pATNON,
OTOVTOEL EVTEAMG TuYaio, OAEYOVTOG o Omd TIG TECCEPLS OMOVTIOELS TOV
didovtat. Av o e£etalOUeVog AMOVTGEL GOOTO GE [0 EPAOTNGCT, TTowo €ival 1
mhavotTa vo yvopile Ty andvinon;

18 Mo ac@aiotiky etoupeio tagvopet kdbe TELATN TG, OVAAOYO LLE TO ETNGLO VYOG
Tov (NUdv mov mpokaAel, oe pio amd 0V0 katnyopieg: eite otnv katnyopia
VYNAOD KvdOVOL €lTe GTNV Katnyopio YopmAov Kivobvov. Ao To GTOTIGTIKA
otoyyeia mov Swtnpet n eropeio TpoxvmTEL OTL TO0 35% TOV TEAATAOV TNG AVIKEL
oV Katnyopio vYNAoL KVdVVOL Kot To 65% GTNV Katnyopio Yoauniov Kivdvvov.
Eniong, and ta otatiotikd otoryeio, £xel ektiunBel 0TL évog acQOAMGUEVOS TOV
aviKel otV Katnyopioa vyniod kivovvov €xel 0.40 mbavotnto vo TpokorEcEL
ATOYM O KOO0, YPOVIKT GTLYUN €VTOG EVOG £TOVG EVD Y10 £VAV OCPOUAMGUEVO TTOV
AVNKEL OTNV Katnyopio youniod Kivduvov 1 avtictoyn mhovotnta £xet ektiunel
ton pe 0.2. ) [owa givar n mBavoTO EVvag VEOS ACPOAGUEVOG GTNV €TaLpEin VoL
TPOKOAAEGEL ATOYNUO KATOW XPOVIKT OTIYU €viOg evog €tovg B) Av €vag véog
ACQOAMGUEVOG GTNV ETALPEIN TPOKOAEGEL OTUYTLLOL KOTOWOL YPOVIKT GTLYUN €vTOg
evOc €Toug, Tola glval 1 TOAVOTNTU O ACPUAGUEVOS VO, AVIKEL GTNV KT yopio
vynAov Kwovvov. y) To evdexduevo £€vag OGEOAIGUEVOS VO OVIKEL GTNV
Katnyopio vYMAOL KvdHVOL KoL TO EVOEYOUEVO VO TPOKOAEGEL ATUYTLLOL KOTOLO0!
YPOVIKY] GTIYUY| EVTOG VOGS £TOVG etvan eEaptnuéva 1 aveEdptnta;

19 H mBavommra vo vmapyet o010 VIESNPOG MG OCLYKEKPIUEVNG  TEPLOYNG
eKpETOAAEDOIO KolTaopa tetperaiov ivar 50%. Mia gtarpeia, mov mpdKettan va
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KAvel oyeTikn épevva otV Teployn, mpoPAnuatiletar av Ba epappoocst, petald
A @V, Ko pio domravnpn nEB0do g omoiag OPmG TO mOTEAEGHA OEV Efvar TAvVTOL
owotd. Av mpdypatt vhpyel eKUETOAAEVCIHO Koltacpa, 1 pnéBodog avtn divel
gvolovo amotéreopa (dniadn aviyvedel to koitaoua) pe mBavotnta 80% evod av
dev vmdpyel, divel gvoiwvo amotéleoua pe mbavomra 30%. a) Av n pébodog
epapuoctel otnv meployn, moww &ivor M mOavoéTHTO Vo ODGEL  €VOIWVO
arotéleopa; B) Av m pébodog epapuochel otnv meployn Kot dMGEL €LOIWVO
amotélecua, oo eival n mOavoTnTo Vo LITAPYEL KoltaoHa oty Tepoyn; v) Na
CLYKPIVETE TNV €K TOV TPOTEPOV TOAVOTNTA VO VITAPYEL KOITOGUO GTNV TEPLOYN
HE TNV avTioToyM €K T®V VOTEPV THAVOTNTA TOV VITOAOYicHTE 0TO epdTNLA ()
KO VO GYOAAGETE MG TTPOG TNV AveEENPTNOIL TO GYETIKA EVOEYOUEVA.

Znmoate amd évav Yeltovd Gog vo moTiGEL KOTA TN OPKELD TOV OKOTOV GG
Vo OLTO €CMTEPIKOD YDPOV TOL JTNPEITE GTO OTiTL 6aG. AV TO QULTO dOeV
noticfel, Kwovveder va un Ofoet pe mbBavotnta 0.8. Emewdn to @utd eivon
ac0EVIKO-KOYEKTIKO, OKOUN Kol ov motiobel, kwdvvever va pn (noel pe
mBavotta 0.15. Av n mBavotta va Bounbel o yeitovdg cog va moticel To euTo
etvar 0.9: o) mowa givo  mBavoTTa 10 PLTO Vo {\oet B) mota givar 1 TOavOTNTA
o0 yeltovag va E€yaoe va TOTIGEL TO UTO OEOOUEVOD OTL AVTO OeV EMELNOE.

To 60% tov mAnBuopoL oG yopag eivar Komviotéc. Amo o acBéveln Tmv
nveuuovev tacyetl o 80% tov kamviotdv Kot to 30% tev un Karviotov. o) [lowo
m06006TO TOV TANBVoUOD TAcKEl amd acBévela Twv Tvevudvov B) Av €va GTopo
and tov TANBvoud TAcyEL omd acOévela TV Tvevudvmv, Tota givar 1 mbavoTTa
va elvar kamviotc. Epunvevote v mibBovommrta ovt) ®¢ mococto. y) To
KAmviopo kot 1 acBéveln Tov mvevpdvev sivar aveEdptnta M eEaptnuéva
evoegyoueva,

e po Ktnvotpoeikn povado g Aéofov vrdpyovv 160 ayedddeg. Amd avtég ot
40 elvar @UANG A, 01 48 LA g B ka1 ot 72 puing I'. Av amd 1ig ayehddeg puAng A
&xel TpooPAndel amd apbmon mupetd T0c0oTd 15%, amd TIg ayedddeg puANG B,
20% ko amd tig ayeradeg euAng I', 10%, o) mowa etvon n mbavotta, o oyeddoo
mov Ba emAégovpe Toyaio va €xel TposPAndel amd apODIN TuPeTd; PB) Toln Elvon
N mBavotnta, pia ayerdada mov emheésape Toyaio kKot Bpédnke va Exel tpocPinbet
amd aeOmon mupetd, va sivar LUANG A; v) Na gpunvedoete Tig mbavotnteg Tov
vroAoyicate ota (o) Kot (f) pe 6povE TOGOGTAOV.

Av y1a éva evdeyOuevo 4 Tov deryUATIKOD YOPOoL Q evOg TEWPAUATOS TOYMG vt
P(A4) =0 10te w106 givor aveEdptnto and omolodnmote vogydpuevo B tov Q. Av

P(A)=1, 10 4 eivou eniong aveEdptnto and omorodnmote evoeyduevo B tov Q.

A&womotia: Xe £va epyasTnplokd Opyavo YPNCILOTOI0VVTOL dVO EE0PTILOTO TO
omoio. Asrtovpyov ave&aptnta 10 €éva amd t0 dAAo. Xto 80% TOL YPOVOL
Aertovpylag TOL Opydvov, Kot To OVO eCapTiHaTe  Agttovpyodv Ywpic vo
napovctalovy kamow PAaPn. Opwg, oto 2% tov ypdvov Asttovpyiog,
mopovctalovv BAAPN Ko ta dvo eEaptipota (tavtdypova). o va Aertovpynoet
T0 Opyavo TPEMEL v Agttovpyel TovAdylotov €va amd to. dvo e€aptiurota. No
vroAoyolel a) N aglomotio Tov opydvov (dnAadn N THavOTNTA AEITOVPYING TOV
punyovinpatog) kot B) n adlomotio kabevog and ta dvo eaptipato (dnAadn 1
mOavotTa Asttovpyiag kabevog eEapTNUATOC).
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‘Eoto A, B gvdgydpeva tov detypotikod yopov Q evdg mepdapotog toyns. No

CUUTANPAOGETE TOV TIVOKOL:

P(4) | P(B) | 2ovbikn yiota | P(AB) | P(AVU B) | P(A/B)
A xou B
0.3 0.4 Zéva
0.3 0.4 Aveéoptnto
0.1 0.5 0.6
0.2 0.5 0.1

Piyvoupe éva apepdnmro (apt 600 @opég Kot £0Tm T evoegyopevo A: mn évoedn
otV mpat piyn sivan 4, B: 1 évoeiEn ot oevtepn piyn eivar 3 ko E: 10
dBpotopa TV dVo evoeifemv givar 7. Na dei&ete 6t o) to E givar ave&aptnto and
70 A B) 10 E givan ave&apro and to B y) to E dev givan aveEapnro and to AB.

‘Eoto o povAéta mov €xel 36 apBpovg and tovg omoiovg ot 18 eivar kOKKIvol

kot ot 18 givor pavpot copemva pe 1o €€Ng LovTELO:

1 2 3 4 5 6 7 8 9 10 [ 11 |12 [ 13 |14 |15 |16 |17 | 18

K |[K |[K |[K |[K [B B B B K [ K [ K [ K M/ MMM | M

36 |35 |34 [ 33 |32 |31 |30 |29 |28 [27 |26 |25 [24 |23 |22 |21 |20 |19

‘Eoto 1o evdoegyoueva A: egpoaviletor kokkvog apbuds, B: eppaviCetoar aptiog

ap1Ouog kon I': gppaviCetor apBuog pikpotepog 1 icog tov 18. Na dcifete 011 01)
T evogydpeva A, B ko ' elvar  oveEdpmmrta  katd  Cevyn  P)
P(ABI')# P(A)P(B)P(I") .

Piyvovpe 600 apepdinmrta {dpla (€vo KOKKIVO Ko €vol Lodpo) o gopd Kot £6Tm
To evogyopeva A: oto kokkwvo Capt eppaviCeton 1 11 2, B: oto povpo Cdpt
epnpoaviCeton 3, 4 1 5 ko I': 10 dBpoopa Tv dvo evoeitewv etvar 4, 11 1 12. Na
deitete 011 0) P(ABI") = P(A)P(B)P(I") B) ta evogyoueva A, B kou I' dgv glvan
aveEdptnra Katd {evym.

Av A, B xar I' tplo ave&dptnra evdeyOueve Tov SEYHOTIKOD Y®dpov Q evog
TEPANOTOS TOYNG Vo Oeiete OTL givon avedptnro ko to {evyn {4, BU I},

{B, AuI'} xou {I’, AU B}.

A&omotia: Mo cuvdecpoloyia v HOVAdwV ASyeTan avvdeon o€ Gelpd (GEPLOKO
ovoTnuUa) Otav To GUOTNUO AEITOLPYEL oV Kol HOVO v AETOLPYOVV Kol Ol V
povadeg tov. Avtictoyyo Aépe OTL €yovue mapdiiniy ovvoeon (MopdAinio
oLOTNUO) OTOV TO GUGTNIO AEITOVPYEL OV KOl LOVO OV AELITOVPYEL U0 TOVAAYLGTOV
oo TIC V LOVADES TOV.

I 2 3 s { v
2hvoeon o€ oe1pa.

2

v

Lapoiinin Zovoeon
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Av 0Aeg o1 v povddeg evog cuatipatog Exovv v dwa aétomiotia p (0<p<lI) kot
Aertovpyovv aveEdptnTa va 0gigete 0Tl av T0 cVuoTNUO Elval o) GEPLOKO TOTE M
a&lomotion Tov givor R, = p¥ PB) mapddinio tote M oflomotio Tov givon

R, =1-(1-p)".

A&omoeTia: Xto oynuate Tov akoAovBodv eaivovtal Tpio. CLGTLATA LETAPOPAS
vypomompévoy euotkov aepiov. Kabe aviiio (onpeidvovion pe apBuovg 1, 2,
...) Aewrovpyel aveEdptnto amd TG GAAEC Ko €€l OVO KOTOOTAGELS, €lte
Aertovpyel pe mbavomta p,, i=1,2,... ite d¢ Aertovpyel pe mbavomta 1 - p,,
i=1,2,.... To cvomua el emiong 600 KOTAOTAGELS, KOl AelTovpyel, dnAadr To
QLOIKO 0€PLOo petapépetal and 10 A 610 B, av kot povo av vdpyet TovAd IGTOV
éva. povomdtt and to A oto B péocm avihmv mov Asttovpyodv. Na vroAoyicete
mv mhavotnTa Agttovpyiag (OnAadn v alomiotio) kabevdg amd To Tpio
GLGTNLOTOL.

A 2 4 —RB — 1
| A—— N B
il Heaill
(@) ®B)
II
A B
s
L~
67
A&wmotio (Lvvégeia tov Ilpofinuaros 3.3): Av 1o efaptiuato  TOv
GLOTNHOTOG  Agttovpyovv  aveEdptnra  kou  P(4,)=095, P(4,)=0.90

P(4;)=0.95 va Bpebel n afomiotic Tov cvotmuatog (dniadn, n mbavotnta
Aertovpyiog TOL GLOGTHUATOG).

"Eva e&aptnpa pmopel va mapovcidoet eite PAAPN tomov I pe mbavotnta 10% eite

BAGPn tomov II pe mbBoavotnta 8%. Av ot dvo tomor Prafav eueoavifovton
aveEdptnra, Ppeite v mbavotnta o) vo mapovciacel PAGPN tomov 11 av eivan
Yvootd O0tt NN éxet mapovciacOel PAGPN tomov I B) vo mapovciacbei pio
ToLAdYIoTOV OO TIG OVo PAAPeC v) va mapovclacOovy GuYXPOVMG Kol Ot dVO
BAdPec.

Ye o épevvo mov OAOKANpmONKe mpdopata, peretHONKav petad GAAw®v, ot
TIWES VO OLUATOAOYIK®Y JEIKTAOV, £6T® A Kot B, otovg Katoikovg nAkiog dvm
tov 30 gtov g emapyiag optuviag tov vopod Apkadiag. Zopewvo pe To
ELPNUATO OVTAG TNG £PEVVOC, TO TOGOCTO TOV KOTOIK®V TOV £(O0VV €KTOG
QLOLOAOYIKAV opiwv pdvo v T Tov dgiktn A (OnAaom dev &povv ektdg
(QUOIOAOYIKAOV opimv Kol TNV T Tov ogiktn B) elvar 40%, t0 TOGOGTO T®V
KATOIK®V 7OV £€(0VV €KTOG PLGLOAOYIKAOV OpidV HOVO TNV T tov ogiktn B
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(ONAadn dev €xovv €KTOC PLGIOAOYIKAOV OpimV KOl TV TIUN ToL dgiktn A) eival
60%, ev®d TO0 TOGOOTO TOV KATOIK®V TOL £XOVV TIC TIHES KOl TOV VO OEIKTOV
ektoc Quoloroyik®v opiov eivar 10%. To evdeyduevo £€vag KATOWOG NG
Toptuviag nikiag aveo tov 30 et@v va €xel ™MV T Tov €vOg dgiktn extdg
QLOIOAOYIKAV opiwv etvar dpaye aveEdptnto omd 10 evdeyOUEVO Vo €XEL €KTOG
(QLGLOAOYIKAOV Opi®V TNV T Tov dAAOL dgikTn; Av Oyt mowo 1 UETOPOAN NG
mOavoOTNTOG Vo £XEL £VOG KATOWKOG TNV TIUN TOV €VOG OEIKTN €KTOG PLUGLOAOYIKAOV
opiwv oav MoM elval yvootd OTL &xel TV TN TOL GAAOL OeikTn €eKTOC
(QLOLOAOYIKAV 0pimV;

35 Xe wo ovykekpévn mepoyn, to 10% tov Katoikwv avikel oty Kotnyopio
VYNA0D KIvdLvoL kapdiakol epepdypatoc. o) EmAéyovpe tuoyaia tpelg Katoikovg
amo avt v tepoyn. Ilown eivon n mbavdtTa akpPdg Evag and Tovg TPELS va
aVAKEL OTNV  Kotnyopio vyniov kwdOvov (kapdiokol epEpayuatog). f)
I'vopifoupe 61t t0 49% toOv KoTolk®V givan yuvaikes kot emniong 6t t0o 8% TV
YOVOIK®V OVAKEL TNV Katnyopios vynAolh Kvovvov (Kapdlokol euePEyIaTog).
Enéyovpue toyaio éva dtopo amd v mepoyn avty. [owa etvon n mbavdémra va
elvar yvvaiko mov avikel otnv katnyopic vymiov kwddvov. y) I'vopilovpe
emiong O0tL 10 12% TtV  OovdpdV avikel otnv Kotnyopic vyniol KvoHvov
(kopdtaxkod epepdypatog). Emléyovue toyaio £va dTopo amd v mEPLOYN OLTH
Kol OlOMIGTOVOVE OTL OVIKEL GTNV Katnyopia vynAov kwvovvov. Tloww eivon m
TOOVOTNTA TO ATOWO VTO VO Etvat Avdpag.

36 Awmortio: H oflomiotio kdbe plog amd 11 v povdadeg €vOg oeplakon
ovotnuotog etvan ion pe p (0<p<1). Evag texvikdc, yuo vo avénoet v adlomotio
TOV GLGTNUOTOG, ¥PNOIHOTOlEl EMTALOV vV Hovadeg pe v dwa aglomotio p Tig
omoleg OKEPTETOL VO GLVOEGEL GTO LIAPYOV GUGTNUA HE Evav amd TOVG O0VO
APOPETIKOVS TPOTOVG TOL PaivovTol 6To okOAovBa GyNuHoTA

} \"+l L | \r’+2' | 2V
2vvoeauoloyio 1
1 | 2. | v
1 w+1 L | v+2 i 1 2v |
2vvoeauoloyio 11

Noa deiéete 6011 1 aflomiotio TOL GLGTNUATOG UE TN Zvvdeouoloyio I elvan
R, =p"-2-p)'xar 100 oOvOTHHOTOG pe T 2vvdeouoroyio Il givan
R, =p"-(2-p"). How and 115 V0 cvvdeopoloyieg TPémeL va xpPNOOTOOEL,
(YmoBéote OT1 OAEC O1 LOVADEG TTOV YPTGLULOTOLOVVTAL AELTOVPYOVV AVEEAPTNTAL. )
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Anavryoelg

~

1/5

2. Eivar faociues oot n mBovotnto évag epyalopuevos va vl avamTepo oTEAEYOS

eivou 8% eve n mbavotyta o yovaixa epyolouevn vo, givor atéleyog eivar 5%.

Erniong, novo to 18.75% twv oteleywv eivor yovoikeg.

3/8

a)0.125p) 0.15

o) i) 15/23 ii) 8/23 ) 35/57 y) oy

a) 0.8 p)0.2

0.94

Oyt oot P(ehevBepaverar 0 A / o ppovpog avopépel tov B)=2/3

1/3

0. 0.15 (opilovue Katdiinlo evosyoueva kor epopuolovue Tov molLOTANCLATTIKO

T070)

11. o¢ omoradnmote dokyuj eivor 1/7

12. -

13. @) T0 OVVOAIKO TOCOOTO EAATTOUOTIKDV TPOIOVIWV TOV TOPCYOVIOL OTO TO
gpyoaraoio eivor 3.1% ) T0 TOO0OTO EAOTTOUOTIKOV TPOIOVIWYV TOD
TPOEPYETOL OTTO TNV TPATH VPO ToPaywyNs eivar 25.8%.

14. a) 0.067 B) 0.051 y) 0.269 6) 0.731

15. yeipovpyixn eméufoon

16. o) 0.0048 (0 pofog e kvpiag eivor vrepPfolixog) f) eCoptnuéva

17.0.9411

18. ) 0.27 p) 0.5185 y) eloptnuéva

19. a) 0.55 p) 0.73 y) eCaptnuéva

20. a) 0.785 B) 0.37

21. a) 0.57 p) 0.84 y) elaptnuéva

22.a) 0.1425 ) 0.2631

SO N LA W

23. -

24.a) 0.99 ) 0.927, 0.863

25.

P() | P(B) | 2vvBnxn nato. | P(AB) | P(AVw B) | P(A/B)
A kou B

0.3 0.4 Zéva 0 0.7 0
0.3 0.4 Aveapnro, 0.12 0.58 0.3
0.1 0.5 Zéva 0 0.6 0
0.2 0.5 Aveloptnro 0.1 0.6 0.2

31.)[1=(=p)d-p,)A-p;)lp,
B)py+ P Ps+ DyPs = P\P2Ps — PiP3Ps — P2P3Py + PiP2D3 Py
YW P\PsPst P\P2PsPs + PiD3PsPs — P1P2P3PsPs — P1P2P4PsPe
= P1P3PsPsPs t D1P2P3PaPsDs

32.0.99275

33.a)0.08 ) 0.172y) 0.008

34. Oy, oev eivou aveoptnro. H {nroduevny uetafoin eivar 0.36 xar 0.50.

35.0)0.243 B) 0.0392 y) 0.61
36. Ty ovvoeauoioyio I
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